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Abstract

The minimal graded free resolution of a monomial ideal is an invariant that gives

algebraic and geometric insight into the ideal's structure. In this thesis, we study

three approachesfor computing resolutionsand their Betti numbers.

Stanley-Reisnertheory and facet ideal theory apply Hochster's formula and Eli-

ahou, Kervaire and Fatabbi's splitting theorem to produce formul� and bounds on

Betti numbers of certain graphsand simplicial complexes.Bayer and Sturmfels use

toplogical structures to support celluar complexesthat becomeresolutionsunder sim-

ple conditions. Peeva, Gasharov and Welker de�ned the lcm-lattice of a monomial

ideal. The lcm-lattice captures features of a monomial ideal that are essential to

producing its resolution.
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Chapter 1

In tro duction

The objectsof commutativ ealgebraareoften studiedby decomposingor relating them

to well understood structures. The theory of free resolutionstakesthis approach by

expressinga module M over a commutativ e ring R asa sequenceof freemodulesand

mapsbetweenthem;

F : � � � ! Fm ! Fm� 1 ! � � � ! F1 ! F0 ! M ! 0:

Each free module in the free resolution F has a rank which not only determinesits

structure but also provides insight into the structure of M . In particular, the rank

of the �rst free module F0 provides a bound on the number of elements neededto

generateM . Due to the complexity of modules,there canbe relationshipsamongthe

generatorsof M , relations between these relations, relations between the relations

of relations, and so on in stages. The ranks of each free module after F0 quantify

the number of equationsneededto expressof all the relations at each stageof this

process.

If M is a vector space(i.e. when R is a �eld) then F0 can be chosenso that its

rank is exactly the sizeof a basisfor M and, sincethere are no relations betweenthe

elements of a basis,all of the other free moduleshave rank zero. The structure of a

vector spaceis completely captured by its dimensionand hencethe dimensionis an

invariant of the vector space.

When R is not a �eld, it is not always the casethat a freeresolution is an invariant

of the module. For a givenmodule, therecanbemany resolutionswith freemodulesof

varying ranks. Theseranks neednot be �nite nor uniquely determinedeven if we are

able to �nd a minimal list of equationsto produce the setsof relations. Therefore,

we must imposestrict conditions on our ring if want the resolution provide useful

numerical invariants. If R is Noetherian and M is �nitely generatedthen we can

construct freeresolutionsthat are minimal in somesense.Additionally , if R is a local

1
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ring, then there is only one minimal free resolution and it can provide us with the

invariants we seek.

Free resolutionsof modules over local rings have beenwell studied and are dis-

cussedin detail in a number of textbooks ([Eis95], [Eis05], [BH98]). The ranks of the

free modules of minimal free resolution are called the Betti numbers of M and de-

noted � i (M ) = rk Fi . Betti numbersare�ne invariants that contain valuablealgebraic

information and can be quite di�cult to compute.

Often we want to examinemodules with scalarsthat are not from a local ring.

For example,algebraicgeometersoften study homogeneousideals I in a polynomial

ring

S = | [x1; : : : ; xn ]

becausethey correspond to varieties in projective space. The polynomial ring S is

not a local ring, but it admits a grading | a re�nement of the ring into a direct sum

of components | and has a unique \graded maximal" ideal. This was the start of

an analogy between local rings and graded rings, formalized by Bruns and Herzog,

which shows that resolutionsover \graded local" rings enjoy the sameproperties as

resolutionsover local rings.

The purposeof this thesis is to o�er a survey of various methods of construct-

ing free resolutions of monomial ideals over polynomial rings. Thus, the theory of

resolutionsover gradedlocal rings is oneof our primary interests.

The study of the freeresolutionsfor monomial idealshasa number of aims. First,

wehope to provide someconstructionsof freeresolutionsfor largeclassesof monomial

ideals. The goal is to produceresolutionsthat areminimal or closeto minimal sothat

wecandeduceinformation about Betti numbers. When wecannot �nd the resolutions

for a class of monomial ideals, we are still interested in looking for explicit and

recursive formulas for their Betti numbers or simply somenumerical bounds. Along

the way, these results provide information about related invariants like regularity

and projective dimension. Also, through computing resolutions for certain classes

of ideals, we �nd commonalitiesbetween the ideals that provide insight into their

structure and into the meaningof their resolutions.
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The �rst chapter of this thesis presents the main results about minimal free res-

olutions in both the local and graded local settings. As our focus is on monomial

ideals in the polynomial ring, special attention is given to the two gradingsof S and

to results that are speci�c to resolutionsover S. The most important of theseresults

is the Hilbert SyzygyTheorem (Theorem 1.26) which bounds the length of minimal

free resolutionsover the polynomial ring.

Each remaining chapter is devoted to a technique for computing Betti numbers

or computing resolutions. The secondchapter looks at square-freemonomial ideals

and the vast amount of combinatorial information they contain. We follow the work

of Jacques([Jac04]) and T�ai H�a and Van Tuyl ([HT05]) which compute Betti num-

bersfor various idealsusing formulas derived by Hochster ([Hoc77]) and Eliahou and

Kervaire ([EK90]). The third chapter follows work by Bayer and Sturmfels ([BS98])

which introduceda generalmethod for building resolutionsfrom cell complexes.Res-

olutions built in this way are called cellular resolutions. Bayer and Sturmfels go on

to construct cellular resolutions from a polyhedral cell complex. When combined

with work with Peeva ([BPS98]), they obtain minimal free resolutions for the class

of generic ideals. The fourth and �nal chapter of this thesis examinesthe work of

Gasharov, Peeva and Welker ([GPW99]) who studied the lcm-lattice of a monomial

ideal. It turns out that the essential featuresof a resolution are determined by the

lcm-lattice. A consequenceof this work is that any monomial ideal can be trans-

formed into a square-freemonomial ideal in a way the preserves the Betti numbers

up to a relabelling.

Throughout this thesis,wewill useR to denotean arbitrary commutativ ering with

identit y and S for the polynomial ring in n variablesover a �eld | ; S = | [x1; : : : ; xn ].

1.1 Resolutions

The structure of a module is completely determinedby the dependenciesof its gen-

erators. More formally, for any R-module M and choiceof generatorsfor M we can

construct a freemodule F and epimorphismd : F ! M by the universalproperty of

freemodules. The kernelof this map contains the relations betweenthe generatorsof
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M and theserelations determineM by the First IsomorphismTheoremfor Modules;

M �= F=kerd. We call kerd the �rst module of syzygiesfor our choiceof generators.

The modulekerd canalsobeunderstood through its generatorsand their relations,

and sowe iterate this processto construct a module of relations amongthe relations

and so on. The morphismsand free modules derived from this processare encoded

in what is called a free resolution. Below we brie
y discussfree modules and exact

sequencesbeforeformally de�ning free resolutions.

A basis for an R-module M is a family of elements f ei gi 2 I from M that generates

M , but alsofor which any m 2 M hasa uniquerepresentation asm =
P m

j =1 r j ei j with

r j 2 R. A module is called free if it hasa basisand consequently every freemodule is

isomorphic to the direct sum of copiesof the ring. All basesof a free module over a

commutativ e ring have the samecardinality, called the rank of the freemodule. Free

modulesalsoenjoy a universalproperty:

Prop osition 1.1 ([DF04 , p.354]). Let F be a free R-module with basis f ei gi 2 I .

Givenany R-module M and setmap f : I ! M there existsa uniquehomomorphism

g : F ! M with g(ei ) = f (i ).

A pair of R-module homomorphisms,L
f

! M
g

! N , aresaid to be exact (or exact

at M ) if im f = kerg. Any sequenceof composablehomomorphismsis said to be an

exactsequence if each composablepair is exact. A short exactsequence is oneof the

form 0 ! L ! M ! N ! 0. In this case,L ! M is a monomorphismand M ! N is

an epimorphismby exactnessat L and N respectively. Further, N �= coker(L ! M )

and L �= ker(M ! N ).

1.1.1 Minimal Free Resolutions

De�nition 1.2 (Free Resolution, Di�eren tial). Given an R-module M , a free

resolution of M is an exact sequence

F : � � � ! Fm
dm! Fm� 1 ! � � � ! F1

d1! F0
d0! M ! 0

whereeach Fi is a freeR-module. The sequenceof mapsin F arecalledits di�er ential

and the m-th syzygymodule of F is de�ned to be im dm for m � 1.
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Though there are many free resolutionsfor a given module, the proof of the fol-

lowing theoremabout the existenceof resolutions,suggestsa method for constructing

a canonicalresolution that we will call the minimal free resolution of M .

Prop osition 1.3. Any R-module M hasa free resolution.

Proof. This follows from the iterativ e processdescribed previously. In the interest of

being thorough, we describe the mapsmore carefully below.

Given a module K , we can �nd a set of generatorsf ki gi 2 I for K . Construct a

free module F with basisf ei gi 2 I and let d : F ! K be the homomorphismuniquely

determinedby d(ei ) = ki . As the generatorsof K are in the imageof d, we seethat

d is an epimorphism.

Apply this generalscheme to M to construct F0 and d0 : F0 ! M . Next, we

apply it to kerd0 to make a map from F1 onto kerd0. This map, composedwith the

inclusionkerd0 � F0, we call d1 : F1 ! F0. Continuing this processwe get a sequence

of homomorphisms,

� � � ! Fm
dm! Fm� 1 ! � � � ! F1

d1! F0
d0! M ! 0;

whereeach dm surjectsonto kerdm� 1; the sequenceis exactand hencea freeresolution

of M .

At each stageof the previous construction we would like to be able to choosea

minimal generatingset for kerdi to force the ranks of the free modulesto be unique.

Soon we will de�ne minimal freeresolutionsand theseresolutionswill have the prop-

erty that they sendthe basisof each free module to a minimal generatingset for the

previouskernel.

There are two problemsthat must be resolved beforewe can de�ne minimal free

resolutions. First, we must ensurethat each kernel has a minimal generating set.

This is done by requiring that M be �nitely generatedand that R be a Noetherian

ring. Second,for each freemodule to havea uniquely determinedrank, every minimal

generatingset for a �xed kernel must have the samesize. We require that R be a

local ring to addressthis issue.We de�ne Noetherian and local rings below and will

discusswhy they solve our two problems.



6

De�nition 1.4 (No etherian Mo dule, No etherian Ring). An R-module M is

said to be Noetherian if every submodule if M is �nitely generatedas an R-module.

A Noetherian ring R is a ring that is a Noetherian module when viewed asa module

over itself; namely, all idealsof R are �nitely generated.

Theorem 1.5 ([Eis95 , p.28]). Let R be a Noetherian ring. If M is a �nitely

generatedR-module then M is Noetherian.

Thus if F is a free R-module of �nite rank and R is a Noetherian ring then F is

�nitely generatedand thereforeNoetherian. That meansthat any submodule of F is

�nitely generated.

Thus free resolutions of a �nitely generatedmodule M over a Noetherian ring

can be madewith free modulesof �nite rank. The argument goesas follows: F0 has

�nite rank if we map its basis onto the �nite generating set of M . If we assume,

as an inductive hypothesis,that Fi � 1 has �nite rank then kerdi � 1 � Fi � 1 is �nitely

generatedas Fi � 1 is Noetherian. Thus Fi can be constructed with �nite rank if we

map its basisonto a �nite generatingset of kerdi � 1. The result follows by induction.

If a module hasa �nite set of generatorsthen this set of generatorscan always be

reducedto a minimal generatingset simply by throwing out unnecessaryelements.

Therefore, if M is �nitely generatedand R is Noetherian then we can construct a

resolution of M in which each free module maps onto a minimal generatingset for

the precedingkernel.

However, as previously mentioned, not all minimal generating sets of a �nitely

generatedmodule over a Noetherian ring have the samesize. This motivatesthe next

de�nition.

De�nition 1.6 (Lo cal Ring). A ring R is said to be local if it contains a unique

maximal ideal. Local ringsareoften denotedby (R; m) wherem is the uniquemaximal

ideal of R.

Finitely generatedmodulesover local rings act very much like vector spaces,mak-

ing them very easyto study. This idea is captured in Nakayama's Lemma which is

ubiquitous in commutativ e algebraand known for its many forms.
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Lemma 1.7 (Nak ayama's Lemma). Let (R; m; | ) be a local ring with residue�eld

| = R=m and let M be a �nitely generatedR-module. Given m1; : : : ; mk 2 M , the

imagesm1; : : : ; mk 2 M =mM form a basis for M =mM as a | -vector spaceif and

only if m1; : : : ; mk are a minimal generatingset for M .

Proof. In [Eis95, p.124], Eisenbud proves a more common version of Nakayama's

Lemma;if m1; : : : ; mk spanM =mM then m1; : : : ; mk generateM . WeuseEisenbud's

versionbelow to prove our more speci�c variant.

Assumethat m1; : : : ; mk form a basisfor M =mM and consequently generateM .

If somesubsetof the m1; : : : ; mk generatedM , then their imageswould spanM =mM

contradicting that m1; : : : ; mk wasa basis. Thus, m1; : : : ; mk is a minimal generating

set of M .

In the other direction, if m1; : : : ; mn area minimal generatingset for M then their

imagesspanM =mM . If their imagesdo not form a basisfor M =mM then a subset

of them does. Again by Eisenbud's versionof Nakayama's Lemma, this implies that

a subsetof m1; : : : ; mn generatesM which is a contradiction. Thus, m1; : : : ; mn form

a basisfor M =mM .

Sincethe minimal generatingsets of �nitely generatedmodules over local rings

are in a correspondencewith the basesof a �xed vector space,we know that each

minimal generatingset has the samesize.

Thus if R is both Noetherian and local and M is �nitely generatedand when a

free resolution of M is chosenso that the basis of each free module maps on to a

minimal generatingset for the precedingkernel, then we know that each freemodule

hasa uniquely determinedrank.

De�nition 1.8 (Minimal Resolution). Let (R; m) be a local ring with maximal

ideal m. A free resolution

F : � � � ! Fi
di! Fi � 1 ! � � � ! F1

d1! F0 ! M ! 0

of R-module M is said to bea minimal free resolution if for each i > 0, the di�eren tial

of F satis�es im di � mFi � 1.
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The notion of a minimal resolution comesfrom the more generalde�nition of a

minimal complexwhich canbe found in [Eis95, p.476]. We have only de�ned minimal

resolutionsfor modulesover local ringsand, likemany de�nitions involving local rings,

there is an analogousde�nition for minimal resolutionsof modulesover gradedrings.

Graded rings and minimal gradedresolutionsare the primary concernof this thesis

and will described in the next section.

Theorem 1.9. A free resolution F of a �nitely generatedmodule over a Noetherian

local ring is minimal if and only if for each i � 0, the di�eren tial di of F senda basis

of Fi to a minimal generatingset for im di .

Proof. This argument follows [Eis95; p:477].

Let (R; m) be our ring and let d : F ! M be a surjective homomorphismfrom

the free module F to a �nitely generatedR-module M . The short exact sequence

0 ! kerd �! F d! M ! 0

can be tensoredwith R=m to obtain the exact sequence

(kerd)=m(kerd) �! F=mF d! M =mM ! 0

as tensoring is a right exact functor ([DF04, p.399]).

However, kerd � mF ( ) � = 0 ( ) F=mF and M =mM are isomorphic.

And by Nakayama'sLemma if thesetwo vector spacesare isomorphic then any min-

imal generatingset of F is sent to a minimal generatingset of M . Conversely, if a

particular minimal generatingset of F is sent to a minimal generatingset of M , then

F=mF and M =mM are isomorphic.

This result canbe applied to each di�eren tial map di ; if F is minimal then kerdi =

im di � 1 � mFi for i � 0 and consequently the basisof Fi , beinga minimal generating

set, maps to a minimal generatingset for im di . In the other direction, if the basis

for Fi is sent to a minimal generatingset for im di then we know im di � 1 = kerdi �

mFi .

In other words, in a minimal resolution, the di�eren tial di +1 sendsa basisof Fi +1

to a minimal generating set of kerdi when i � 0 and d0 sendsa basis for F0 to a

minimal generatingset of M .
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Finally, minimal free resolutionsare unique up to isomorphismsof the complex.

In fact, all resolutionsof �nitely generatedmodulesover local rings can expressedas

the direct sum of an exact sequenceof free modulesand the minimal resolution.

Theorem 1.10 (Uniqueness of Minimal Resolutions [Eis95 , p.495]). Let (R; m)

be a local ring and let M be a �nitely generatedR-module. If F and F0 are free reso-

lutions of M whereF is minimal, then F0 �= F� G whereG is an acyclicchain complex

of free modules.

That is,

F0 : � � � ! Fn � Gn
dn � gn! Fn� 1 � Gn� 1 ! � � � ! F1 � G1

d1 � g1! F0 � G0
d0 � g0! M ! 0

where

F : � � � ! Fn
dn! Fn� 1 ! � � � ! F1

d1! F0
d0! M ! 0;

G : � � � ! Gn
gn! Gn� 1 ! � � � ! G1

g1! G0
g0! 0

and H i (G) = kergi =im gi +1 = 0 for i � 0.

Corollary 1.11 ([Eis95 , p.495]). Let (R; m) be a local ring and let M be a �nitely

generatedR-module. The minimal freeresolutionF of M is uniqueup to isomorphism

of chain complexes.

1.1.2 Graded Mo dules

Graded modules are modules that have been strati�ed into the direct sum of a

collection of subgroupsand which satisfy a mixing property. The polynomial ring

S = | [x1; : : : ; xn ] and its homogeneousidealsare canonicalexamplesof gradedstruc-

tures and are our primary concern. Polynomial rings have many di�eren t gradings,

some�ner than others,which correspond to di�eren t notionsof a polynomial's degree.

De�nition 1.12 (Graded Ring and Graded Mo dule). Let (G; +) be a com-

mutativ e monoid. A G-graded ring is a ring R with a direct sum decomposition

R =
L

g2 G Rg (as an abelian group) that satis�es RgRh � Rg+ h for all g; h 2 G.

A G-graded module M is a module over a G-gradedring R with a similar direct

sum decomposition; M =
L

g2 G M g as an abelian group. This decomposition must

satisfy RgM h � M g+ h for all g; h 2 G.
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Further, any element from M d is calledhomogeneousof degree d and M d is called

the degree d component of M .

Example 1.13 (Standard Grading of a Polynomial Ring). Given the polyno-

mial ring S = | [x1; : : : ; xn ], let Sd be the set of all polynomials in S whoseterms are

scalarsmultiplied by a monomial of degreed; that is,

Sd = span| f xa1
1 xa2

2 � � � xan
n j ai 2 N;

nX

i =1

ai = dg:

Sinceany polynomial f 2 S can be written uniquely as a �nite sum f =
P m

d=0 f d

wheref d 2 Sd, we have that S =
L

d2 N Sd.

One can observe that SdSd0 � Sd+ d0 and hencethis is an N-grading of S. For

this reason,polynomials in Sd are called homogeneouspolynomialsof degreed. This

grading is called the standard grading of S becauseit capturesour regular notion of

degreefor homogeneouspolynomials.

More generally, an N-gradedring R is called standard graded if it is generatedby

its degreeoneelements as an R0-algebra. Also, modulesthat are N-gradedare often

said to be positively graded.

Example 1.14 (Fine Grading of a Polynomial Ring). We can construct a re-

�nement of the standard grading of S by setting

S(a1 ;a2 ;:::;an ) = f cxa1
1 xa2

2 � � � xan
n j c 2 | g

for (a1; a2; : : : ; an ) 2 Nn .

A convenient notation for the polynomial ring is S = | [x] wherex = (x1; : : : ; xn )

and we can uniquely expressa monomial asxa = xa1
1 xa2

2 � � � xan
n for a = (a1; : : : ; an ) 2

Nn . Under this new notation, Sa = | xa for a 2 Nn .

Just as before,any polynomial has a unique representation as a | -linear combi-

nation of monomialsand hence

S =
M

a2 Nn

Sa =
M

a2 Nn

| xa:

Note | xa | xb � | xa+ b . This Nn -grading is called the �ne grading of S and is a

re�nement of the standard grading in the sensethat, for all d 2 N,

Sd =
M

a2 Nn

1�a= d

Sa
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where1 � a is simply the sum of the coordinatesof a.

Example 1.15 (Homogeneous Ideal). An ideal I in a graded ring R is called a

homogeneous ideal if it is a gradedsubmodule of R. That is, I is a gradedmodule

with I d = Rd \ I .

Homogeneousidealsare exactly thoseidealsthat have a generatingset consisting

entirely of homogeneouselements. For examplem = (x1; : : : ; xn ) � S is a homoge-

neousideal under both the standard and �ne gradingsof the polynomial ring S.

De�nition 1.16 (Graded Mo dule Homomorphism). If N and M are G-graded

modulesthen a module homomorphism� : M ! N is said to be graded (or homoge-

neous) if � (M g) � Ng for each g 2 G.

A simple fact is that the kernel of any graded homomorphism� : M ! N is a

gradedmodule where(ker� )g = M g \ ker� .

We often want to considermapsbetweengradedmodulesthat have the property

� (M g) � Ng+ h for some�xed h 2 G. Rather than discussmodule homomorphisms

of di�eren t degrees,we instead shift the degreesof the domain to make � a graded

map.

De�nition 1.17 (Twist of a Mo dule). Let G be an abelian group and let M be

a G-graded module. For h 2 G, we de�ne the M (h) to be the G-graded module

isomorphic to M except with M (h)g = M g+ h. It is said that M (h) is M twisted (or

shifted) by h. This is a grading as RgM (h)g0 = RgM h+ g0 � M h+ g+ g0 = M (h)g+ g0.

Clearly if � : M ! N is a homomorphismbetween graded modules satisfying

� (M g) � Ng+ h then we can twist the domain by � h to make � graded;� (M (� h)g) =

� (M g� h) � Ng.

1.1.3 Graded Resolutions

De�nition 1.18 (Graded Free Resolution). Given a freeresolutionF of a graded

module M , we say F is a gradedfree resolution of M if each free module of F can be

given somegrading that makesthe di�eren tial of F homogeneous.
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If R is a G-graded ring then any free module F =
L

i R can be graded by as-

signing a weight to each of its generators. For example, if we twist each summand

of F by degree� di 2 G to obtain F 0 =
L

i R(� di ) then this is a graded module

with homogeneouscomponents Fg =
L

i R(� di )g. In particular, the canonicalbasis

elements ei each have degreedi .

Further, if we have a homomorphism� : F ! M from a free module to a graded

module M that sendsthe generatorsof F to homogeneouselements of M , then

� :
M

i

R(� deg� (ei ))ei ! M

is a gradedhomomorphism.

In Proposition 1.3, we proved that every module has a free resolution. In fact,

every gradedmodule hasa gradedfreeresolution. This canbeseenin that the kernels

of the di�eren tial mapsare all gradedmodulesand consequently each kernelcontains

a homogeneousset of generators. Thus using the homogeneousgeneratorsof each

kernel, the free modulescan be gradedby appropriately weighting their bases.

Most importantly, there is a gradedanalogueto Theorem1.9 about minimal free

resolutions. But �rst, we needto de�ne minimal gradedfree resolutions.

De�nition 1.19 (*Maximal Ideals and *Lo cal Rings). Givena gradedring R, a

homogeneousideal I is called *maximal if it is maximal with respect to containment

amongall homogeneousideals. The gradedring R is calleda *local ring if it contains

a unique *maximal ideal m. We will often use(R; m) to denotea *local ring with its

*maximal ideal.

For examplem = (x1; : : : ; xn ) =
P 1

d=1 Sd � S is an ideal that is both homoge-

neousand maximal ideal. Consequently, it is *maximal and sinceevery homogeneous

element in Snm is invertible weknow that any proper homogeneousideal is contained

in m and hence(R; m) is *local.

The notions of *maximal ideals and *local rings comefrom Bruns and Herzog's

textbook on Cohen-Macaulay rings ([BH98]).

De�nition 1.20 (Minimal Graded Free Resolution). Let (R; m) be a *local ring

and let F be a graded free resolution F of the gradedR-module M . Then F is said

to be a minimal resolution if its di�eren tial satis�es im di � mFi � 1 for i > 0.
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Theorem 1.21. A graded free resolution F of a �nitely generatedgraded module

over a Noetherian *local ring (R; m) is minimal if and only if for each i � 0, the

di�eren tial di of F senda basisof Fi to a minimal homogeneousgeneratingset for

im di .

Proof. This proof follows the discussionin [BH98, p.36].

Let d : F ! M be surjective gradedmap from free module F =
L

i R(� ai )ei to

R-module M that sendsthe basisof F to a minimal homogeneousgeneratingset of

M . We want to show that kerd � mF .

Take a homogeneouselement u 2 kerdnmF ; thus u =
P

i r i ei and
P

i r i d(ei ) = 0

for somehomogeneousr i 2 R. Sinceu =2 mF we know that there is somei 0 with

r i 0 =2 m and consequently r i 0 is invertible. However, we can now write

d(ei 0 ) = � r � 1
i 0

X

i 6= i 0

r i d(ei )

contradicting that the basisof F mapped onto a minimal generatingset of M . Thus

kerd � mF .

We apply this result to the di�eren tial of F. If the di�eren tial of F sendsthe

generatorsof Fi to a minimal generatingset of im di then im di +1 = kerdi � mFi and

henceF is a minimal gradedfree resolution.

In the other direction, assumethat d : F ! M is a surjective graded homo-

morphism with kerd � mF . Localizing at m gives dm : Fm ! Mm which again is

surjective as localization is exact. Similarly, ker(dm) = (kerd)m � (mF )m = mm Fm.

Thus we are in the situation of Theorem1.9 and sothe basisof Fm mapsonto a min-

imal generatingset of M m. However, any generatingset of M is sent by the canonical

injection to a generatingset of M m and sincethe basisof F is sent to a generating

set of M ,

rk(F ) = rk(Fm) = � (M m) � rk(F )

where� (M m) is the minimal number of generatorsof M m and rk is the rank of a free

module. We concludethat all minimal generatingsetsof a �nitely generatedmodule

over a *local ring always have � (M m) elements and that d sendsthe basisof F to a

minimal generatingset of M as the rank of F is � (M m).
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Again, this result can be applied to each of the di�eren tial maps to obtain the

desiredresult.

The analogybetweenresolutionsover local and *local rings extendsto Corollary

1.11as well.

Theorem 1.22 ([BH98 , p.36]). Let M be a �nitely generatedgradedmodule over

a *local ring (R; m). Then the minimal gradedfree resolution of M is unique up to

a gradedisomorphismsof the chain complex.

In the particular caseof �nitely generatedmodules over the polynomial ring,

Theorem1.10holds as well.

Theorem 1.23 ([Eis05 , p.6]). Let M be a �nitely generatedmodule over the poly-

nomial ring S = | [x1; : : : ; xn ]. Then if F and F0 are are free resolutionsof M where

F is minimal, then there is a graded isomorphismF0 �= F � G where G is a graded

acyclic chain complexof free modules.

1.1.4 Betti Num bers

Rather than study a resolution in its entiret y, we are often only interested in the

ranks of its free modules. More speci�cally, we wish to expresstheseranks as �nite

invariants of the module itself and hencewe needto ask three questions. For what

resolutions are the ranks of its free modules uniquely determined, when are these

ranks �nite and when doesthe resolution have only a �nite list of free modules?

In the particular caseof �nitely generatedmodulesover local rings, the uniqueness

of the minimal resolution is enoughto determine theseranks. However, we assume

that our ring is Noetherian and that the module is �nitely generatedso that each

rank is �nite.

De�nition 1.24 (Betti Num bers). Let M be a �nitely generatedmodule M over

a Noetherian local ring (R; m) with residue�eld | = R=m and let

F : � � � ! Fi ! � � � ! F1 ! F0 ! M ! 0

be a minimal free resolution of M . Then we de�ne the i -th Betti number of M to be

� i (M ) = rk Fi = dim| (Fi 
 R | ):
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However to de�ne the Betti numbersof gradedmodulesover *local rings we need

the additional constraint that the *maximal ideal is actually maximal.

De�nition 1.25 (Graded Betti Num bers). Let M be an Zn -gradedmodule over

a Noetherian *local ring (R; m) wherem is a maximal ideal of R in the usual sense.

If we a have a minimal gradedfree resolution,

F : � � � ! Fi ! � � � ! F1 ! F0 ! M ! 0;

of M with Fi =
L

a2 Zn R(� a) � i; a then the � i; a are uniquely determined by M and

called the �nely graded (or multi-graded graded) Betti numbers of M . They are often

written as � i; a(M ).

Similarly, if M is Z-graded, we can take a minimal graded free resolution with

free modules Fi =
L

j 2 Z R(� j )� i;j . Using the sameassumptionsabout R as above,

thesenumbersare uniquely determinedby M . We call � i;j the graded Betti numbers

of M and often write them as � i;j (M ).

If M is Zn graded,then there is a natural Z-gradingof M whereM j =
L

a2 Zn

1�a= j
M a.

Under this grading we have � i;j (M ) =
P

a2 Zn

1�a= j
� i; a(M ).

We now observe that � i (M ) =
P

j 2 Z � i;j (M ) and consequently we sometimesrefer

to � i (M ) as i -th total Betti number of M to distinguish it from the graded Betti

numbers.

As in the local case,the Betti numbers can be computed as the dimension of

a vector space;� i; a = dim| (Fi 
 R | )a where | = R=m. Since this vector spaceis

determinedonly by the isomorphismclassof Fi , which in turn is determineduniquely

by the minimal resolution, we seethat the Betti numbers are determined solely by

the module itself. The fact that m is maximal, and not simply *maximal, is usedto

justify that | is a �eld.

The �nal result of this section answers our third question about when minimal

resolutionsterminate.

Theorem 1.26 (Hilb ert Syzygy Theorem). Let S = | [x1; : : : ; xn ] be the poly-

nomial ring in n variables over a �eld | . If M is a �nitely generatedmulti-graded

S-module with minimal free resolution

F : � � � ! Fi ! � � � ! F1 ! F0 ! M ! 0



16

then Fi = 0 for all i > n.

Proof. See[Eis05, p.20].

We can concludethat a �nitely generatedmodule over a polynomial ring hasonly

a �nite list of Betti numbers.

De�nition 1.27 (Linear Resolution and Linear Strand). If M is a Z-graded

S-module that is �nitely generatedin degreed then the linear strand of M is the

sequenceof Betti numbers (� i;i + d) i � 0.

We say M hasa linear resolution if � i;j (M ) = 0 for j 6= i + d. In other words, M

hasa linear resolution if all of its non-zeroBetti numbersoccur in the linear strand.

1.2 Monomial Ideals

Monomial idealsarestudiedprimarily becausethey provide the most simpleexamples

in any generalalgebraictheory. Due to the complexity of computing resolutions,the

class of monomial ideals has been divided into a number of subclassesfor which

di�eren t resolutionshave beenconstructed. Each of subclasshasdistinctive algebraic

and combinatorial properties, but in this section we collect a few basic results that

hold for all monomial ideals.

De�nition 1.28 (Monomial Ideal). An ideal I � S = | [x1; : : : ; xn ] is said to be a

monomial ideal if it is generatedby monomials. By monomialsof S wemeanelements

of the form xa = xa1
1 xa2

2 � � � xan
n whereai 2 N.

Sincehomogeneousidealsin a gradedring are the idealsthat can be generatedby

homogeneouselements, we seethat monomial ideals are preciselythe homogeneous

idealsof S under the Nn -grading.

Given a polynomial in a monomial ideal I , each of its terms must also be in the

ideal. Soclearly, I is determinedby the monomialsit contains. Given any monomial

m = xa1
1 � � � xan

n 2 I we can �nd a minimal monomial in I , with respect to division,

that divides m. To do this, divide m by a maximal sequenceof (not necessarily

distinct) variablesx i 1 ; x i 2 ; : : : ; x i k with m=(x i 1 � � � x i j ) 2 I for 1 � j � k. A minimal

monomial dividing m is then m=(x i 1 � � � x i k ).
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We let G(I ) be the set of minimal monomials in I with respect to division.

From what was just observed, G(I ) forms a monomial generatingset for I which by

de�nition is unique and is clearly minimal as a generatingset.

Further, as S is Noetherian, every ideal I in S has a �nite generating set. A

consequenceof this is that any generatingsetfor I contains a �nite minimal generating

set for I . SinceG(I ) is a minimal generatingset for a monomial ideal I , no proper

subsetof G(I ) generatesI and hencethe entire set G(I ) must be �nite.

The intersectionsof monomial ideals are also easy to understand. Again, if a

polynomial is in I \ J , the intersection of two monomial ideals, then each term of

the polynomial occurs in both I and J and hencein their intersection. Thus I \ J

is generatedby the monomials in I \ J and hence, is a monomial ideal. Given a

monomial m 2 I \ J , there must be m0 2 G(I ) and m1 2 G(J ) with m0jm and m1jm

and thereforelcm(m0; m1)jm. Sinceclearly lcm(m0; m1) 2 I \ J , we seethat

I \ J = (lcm(m0; m1) j m0 2 G(I ); m1 2 G(J ));

though theseneednot be the minimal generatorsof I \ J .



Chapter 2

Square-F ree Monomial Resolutions

A square-freemonomial ideal I � | [x1; : : : ; xn ] is an ideal generatedby monomialsof

the form xa wherea 2 f 0; 1gn . This chapter is devoted to the computation of the Betti

numbers of square-freemonomial ideals through two methods: Hochster's formula

which is basedon the homology of complexesand the Splitting Theorem, due to

Eliahou and Kervaire, which is chie
y combinatorial. Both of thesetechniquesexploit

correspondences| respectively, the Stanley-Reisnerand facet correspondences|

betweensquare-freemonomial idealsand simplicial complexes.

Throughout this chapter, the variable S is used to denote the polynomial ring

| [x1; : : : ; xn ] and commonly thesevariablesare reusedas the verticesof graphsand

simplicial complexes.

The �rst sectionof this chapter introducesthe generalterminology of graphsand

simplicial complexesfollowed by a discussionof the aforementioned correspondences.

The many variations of Hochster's formula are presented in the secondsectionwhile

the third studiesthe application of both Hochster'sformula and the Splitting Theorem

to graphs and simplicial complexes.This follows the work of Jacques([Jac04]) and

T�ai H�a and Van Tuyl ([HT05]).

The third section also contains original work related to the Splitting Theorem

and Betti number bounds. This includes a classi�cation of edgeideals whoseBetti

numbers can be computed recursively using edgesplittings (Theorem 2.30) and a

simpli�cation of the Splitting Theoremfor singlemonomial splits (Proposition 2.37).

The new Betti number bound generalizesJacques'sresult that the Betti numbers

of the edgeideal of a graph bound the Betti numbers of the edgeideal of any in-

ducedsubgraph. Theorem2.48shows that this holds for the facet idealsof simplicial

complexesby using the de�nition of induced facet subcomplex.

18
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2.1 Com binatorics

In this section the basic de�nitions and terminology of graphs and simplicial com-

plexesareintroduced. This is followedby a discussionof the correspondencesbetween

thesecombinatorial objects and square-freemonomial ideals.

2.1.1 Graphs

Graphs are the most commoncombinatorial objects that we will use. By a graph G,

we meana pair (V; E) whereV = V(G) is the set of verticesin G and E = E(G) �

f e � V j jej = 2g is the set of edgesin G. By this de�nition, we restrict ourselvesto

simple graphs | graphswithout loops or multi-edges. For verticesv; w 2 V we say

v is adjacent to w and write v � G w whenever f v; wg 2 E. Also, for e = f v; wg 2 E

we often write e = vw 2 E.

Our graphsG = (V; E) will be accompaniedby the standard terminology:

� Cycles in G are sequencesof distinct vertices,(v1; : : : ; vn ), with vi 2 V, n � 3,

vi � G vi +1 for i 2 f 1; : : : ; n � 1g and vn � G v1.

� A walk betweenverticesu; v 2 V is a sequenceof verticesv1; : : : ; vn in V with

v1 = u, vn = v and vi � G vi +1 for i 2 f 1; : : : ; n � 1g.

� A graph is connectedif it contains a walk between any two of the graph's

vertices.

� Forests are acyclic graphs | i.e. graphs containing no cycles and trees are

connectedacyclic graphs.

� The neighbours of a vertex v 2 V are those verticesadjacent to v. The set of

neighbours of v is denotedN (v) = f w 2 V j w � G vg.

� The degree of v 2 V is degv = jN (v)j.

� A leaf is a vertex of degreeone.

� The graph G is bipartite if V = V1 [ V2 for disjoint setsV1; V2 and all edgesin

G are of the form v1v2 wherev1 2 V1 and v2 2 V2.
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� The complete graph on n vertices, denoted K n , is the graph with V(K n ) =

f v1; : : : ; vng and E(K n) = f vi vj j 1 � i < j � ng.

� The complete bipartite graph, K n;m = (V1 [ V2; E), is the graph with V1 =

f v1; : : : ; vng, V2 = f w1; : : : ; wmg and E = f vi wj j 1 � i � n; 1 � j � mg.

� The complete bipartite graph can be generalizedto the completemultipartite

graph K n1 ;:::;nk which has vertex set V = [ k
i=1 Vi with jVi j = ni , Vi \ Vj = ; for

i 6= j and all edgesof the form vw wherev 2 Vi , w 2 Vj and i 6= j .

� The complementof G, denotedGc, is the graph on V containing all edgesthat

are not in E.

� A subgraph of G is any graph H = (W; F ) with W � V, F � E. Implicitly ,

by saying that H is a graph, it is required that for every uv 2 F we have both

u 2 W and v 2 W.

� The induced subgraph of G on vertex set W � V is the subgraphGW = (W; F )

with F = f uv 2 E j u; v 2 Wg. In other words, GW is subgraphof G on vertex

set W with the largest possibleedgeset.

� For a subsetW � V of vertices,we write G nW for the subgraphof G induced

on vertices V n W. This is often referred to as the graph obtained from G by

deleting the verticesin W.

� Edgescan also be deleted from G in the following way. For e 2 E, we usethe

notation G n e for the subgraphH = (V; E n f eg).

� A chord of a cycle (v1; : : : ; vn ) is any edgevi vj where i and j do not di�er by

one(and are not 1 and n).

� A cycle is called a minimal cycle if it contains four or more verticesand hasno

chords.

� A chordal graph is a graph with no minimal cycles. Equivalently, a chordal

graph is a graph in which every cycleof length greater than three hasa chord.
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2.1.2 Simplicial Complexes

De�nition 2.1 (Simplicial Complex). A simplicial complex � on a �nite set V,

called the vertices of �, is a collection of subsetsof V where for each F 2 � and

E � F , we have E 2 �.

Each element of � is called a face and the maximal faces,with respect to set

inclusion, arecalledfacets. For a given simplicial complex�, we useF (�) to denote

its set of facets.

If � contains only one facet F and jF j = n + 1 then � is called an n-simplex.

Finally, given subsetsF1; : : : ; Fm of V, we let

hF1; : : : ; Fm i = f F � V j 9i; F � Fi g

which is the smallestsimplicial complexcontaining facesF1; : : : ; Fm .

It is clear that a simplicial complex is completely determined by its facets; � =

hF(�) i . However, F (hF1; : : : ; Fm i ) = f F1; : : : ; Fmg if and only if Fi 6� Fj for i 6= j .

De�nition 2.2 (Dimension of Faces and Simplicial Complexes). Given a sim-

plicial complex �, a face F 2 � is said to have dimension dim F = jF j � 1. The

dimension of a non-empty simplicial complex � is dim � = maxf dim F j F 2 � g

and is unde�ned if � = ; .

Notice that hi = ; and h;i = f;g are two di�eren t simplicial complexes,the latter

of which has dimension � 1. Any simplicial complex with at least one non-empty

face has a dimension that matches the topological dimensionof its realization as a

topologicalspace.A simplicial complexis calledpure if all of its facetshave the same

dimension.

De�nition 2.3 (Leaf, Simplicial Forest [Far04 , p.128]). Let � be a simplicial

complex. A facet F 2 F (�) is calleda leaf if either F is the only facet in � or there

is someother facet G 2 F (�) n f F g with

F 0 \ F � G \ F

for all facetsF 0 2 F (�) n f F g.

The simplicial complex � is called a forest if for all non-empty sets of facets

A � F (�) the facet subcomplexhF j F 2 Ai hasa leaf.
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Simplicial forestsand leavesgeneralizetheir graph-theoreticcounterparts.

Example 2.4. Let � be the following simplicial complex.

� � �

� �

�

� :

F2

F3
F4

F1

The facet F1 is a leaf of � asF3 \ F1 contains F1 \ F2 and F1 \ F4. By symmetry,

F2 and F4 arealsoleavesof �. The facet subcomplexof � containing only F1; F2 and

F4, depictedbelow, hasno leaf and hence� is not a forest. It can be easily checked

that all other facet subcomplexesof � do have leaves.

� � �

� �

�

F2 F4

F1

2.1.3 Facet and Stanley-Reisner Corresp ondences

De�nition 2.5 (Facet Corresp ondence [Far02 ]). Given a polynomial ring S =

| [x1; : : : ; xn ], let V = f x1; : : : ; xng. For a square-freemonomial ideal I � S and

m 2 G(I ), let Fm = f x 2 V j x divides mg and de�ne the facet complex of I to be

� F (I ) = hFm j m 2 G(I )i :

Given a simplicial complex� over vertex set V, we let the facet ideal of � be

IF (�) =

 
Y

x2 F

x j F 2 F (�)

!

which is an ideal of S.

Sincethe monomials in G(I ) are incomparablewith respect to division, we have

that F (� F (I )) = f Fm j m 2 G(I )g and consequently, IF (� F (I )) = I . Similarly, using

the incomparability of facets,� F (IF (�)) = �. Thus, the set of square-freemonomial



23

idealsof S and the set of simplicial complexeson V are in a bijective correspondence,

called the facet correspondence, given by � F and its inverseIF .

A specialcaseof the facetcorrespondenceis the edgeidealcorrespondencebetween

graphs and square-freemonomial ideals that are generatedby quadratics. A graph

G with vertex set V can be seenas the simplicial complex�( G) = hfx; yg j x � G yi .

Note that isolated vertices of G are not facesof �( G) while all other vertices are

faces.Under this notation, IF (�( G)) = (xy j x � G y) � S is called the edgeideal of

G and will be denotedI (G) (with the subscript F omitted). Edge idealscamefrom

Villarreal's work on Reesrings and Cohen-Macaulay graphs([Vil95]).

There is a secondcorrespondencebetweensquare-freemonomial ideals and sim-

plicial complexescalled the Stanley-Reisnercorrespondence.

De�nition 2.6 (Stanley-Reisner Corresp ondence [Sta75 ] [Rei76]). Given a

polynomial ring S = | [x1; : : : ; xn ], let V = f x1; : : : ; xng. The Stanley-Reisnercomplex

of a square-freemonomial I � S is de�ned as

� N (I ) = f F � V j
Y

x2 F

x =2 I g

and is sometimescalled the non-face complex of I . Given a simplicial complex� on

V, the Stanley-Reisner ideal of � is

IN (�) =

 
Y

x2 F

x j F � V; F =2 �

!

:

The a�ne ring | [�] = S=IN (�) is called the Stanley-Reisner ring of �.

It is easyto seethat � N (IN (�)) = � and IN (� N (I )) = I . We call the bijective

correspondencebetweensquare-freemonomial idealsand simplicial complexes,given

by � N and IN , the Stanley-Reisner correspondence.

We will not �nd it useful to consider the non-face ideals of graphs and hence

our previous notation, I (G) for the edge ideal of G, is unambiguous. When the

Stanley-Reisnercomplexesof edgeideals(quadratic square-freemonomial ideals)are

discussed,the notation will be madeexplicit.

Unlike the Stanley-Reisnerring of a simplicial complex,the ring S=I F (�) hasnot

yet beengiven a consistent namein the literature.
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Example 2.7. The ideal I = (xyz; yw) in | [x; y; z; w] has facet complex � F (I ) =

hfx; y; zg; f y; wgi and Stanley-Reisnercomplex � N (I ) = hfx; z; wg; f x; yg; f y; zgi .

This exampleis from [Far04].

I = (xyz; yw)

� �

� �

x y

z w

� F (I ):

�

�

�

�

x y

z w

� N (I ):

� F

IF IN

� N

2.2 Ho chster's Form ula

In [Hoc77], Hochster givesan expository account of the developments in G. A. Reis-

ner's doctoral thesis that connectCohen-Macaulay Stanley-Reisnerrings to the ho-

mology of their simplicial complexes. Hochster then proceedsto derive a formula

for the �ne (Nn -graded)Betti numbersof square-freemonomial ideals that is also in

terms of the homologyof complexes.His discussionis most thorough.

Jacquesgivesa very conciseaccount ([Jac04]) of Hochster's formula and oneof its

variations that expressesthe N-gradedBetti numbersof a square-freemonomial ideal

in terms of the homologyof its `links'. This secondformula was �rst explicitly given

by Eagon and Reiner in [ER98], though they explain that it was already known by

other authors in various forms. The proof of this formula usesa relationship between

the reducedhomologyof a complexand its AlexanderDual; ~H i (�; | ) = ~Hn� i � 3(� � ; | )

where n is the number of vertices in the simplicial complex �. This is proved as a

lemma in [BH98, p.241]and other sourcesreferencedby Eagon and Reiner. It may

alsobe worthwhile to note that Hochster's formula is often given, equivalently, asan

expressionfor the �nely graded Hilbert seriesof TorS
i (| ; | [�]), otherwiseknown as

the Betti polynomial.

In this section we give both the �ne and the N-graded versionsof Hochster's
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formula. Before this, there is a quick review of reducedsimplicial homologyand the

introduction of Alexander Duals and links, both of which will be needed.

2.2.1 Homology , Duals, Links

Recall that a simplicial complex� contains all subsetsof a faceF 2 � including the

empty set. Thus, either a simplicial complexcontains no face, � = ; , or it contains

the empty set as a face. This plays a role in the following de�nition in that ; is the

unique faceof any non-empty simplicial complexwith dimension� 1.

De�nition 2.8 (Orien ted Simplicial Chain Complex). Given a simplicial com-

plex � with dimensiond on vertex set V = f x1; : : : ; xng, its simplicial chain complex

is

~C� (�) : 0 ! Cd
� d! Cd� 1 ! � � � ! C0

� 0! C� 1 ! 0

whereCi =
L

F 2 �
dim F = i

ZF is the free Z-module on the i -facesof � and � k extendsthe

following;

� k(f x i 1 ; : : : ; x i k +1 g) =
k+1X

j =1

(� 1)j (f x i 1 ; : : : ; x i k +1 g n f x i j g);

assumingthat i 1 < i 2 < � � � < i k+1 . The maps � k are referred to a the di�eren tial of

the chain complex.

Note that � � � = 0 allows the following de�nition.

De�nition 2.9 (Reduced Simplicial Homology). The reduced simplicial homol-

ogy of � with valuesin �eld | is the family of | -modules

~H i (�; | ) = H i ( ~C� (�) 
 Z | ) =
ker(� i 
 id| )

im(� i +1 
 id| )
;

for i = � 1; 0; 1; : : : ; dim �.

Next we introducea number of combinatorial transformations on simplicial com-

plexes.

De�nition 2.10 (Restriction, Alexander Dual and Complemen t of a Sim-

plicial Complex). Let � be a simplicial complexon vertex set V.
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The restriction of � to W � V is the subcomplex

� W = f F 2 � j F � Wg:

If V = f x1; : : : ; xng then for b = (b1; : : : ; bn ) 2 f 0; 1gn we de�ne

� b = � f x i jbi =1 g

to be the restriction of � to b.

The Alexanderdual of � is the complex

� � = f F � V j V n F =2 � g:

Finally, if the facetsof � areF1; : : : ; Fk then the complementof � is the simplicial

complex� c with facetsgiven by V n F1; : : : ; V n Fk .

Observe that (� � )� = � and (� c)c = � merely from their de�nitions. As Faridi

explains in [Far04], given a square-freemonomial ideal I , the dual of its Stanley

Reisnercomplex is the complement of its facet complex; � N (I )� = � F (I )c.

Example 2.11. We can complete the diagram from Example 2.7 with � F (I )c =

� N (I )� = hfz; xg; f wgi :
I = (xyz; yw)

� �

� �

x y

z w

� F (I ):

�

�

�

�

x y

z w

� N (I ):

� �

�

x y

z w

� F (I )c = � N (I )� :

� F

IF IN

� N

�c
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De�nition 2.12 (Link and Star). Let � be a simplicial complexon vertex set V

and let W bea subsetof V . The star of W with respect to � is the simplicial complex

st� (W) = f F 2 � j F [ W 2 � g

and the link of W in � is

lk � (W) = f F 2 � j F [ W 2 � and F \ W = ;g :

We will omit the subscriptswhen the choiceof simplicial complex is clear.

The restriction st(W)V nW is an equivalent expressionfor lk(W).

Example 2.13. Considerthe complex� with facetsf u; v; x; yg, f x; y; tg and f x; s; tg.

�

�

�

� �

�

u

v x

y

s

t

�:

Then st� (f x; yg) is the subcomplex of � with facets f u; v; x; yg and f x; y; tg, and

lk � (f x; yg) is the subcomplexwith facetsf u; vg and f tg.

�

�

�

� �

u

v x

y t

st� (f x; yg):

�

�

�

u

v

t

lk � (f x; yg):
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Finally, we collect two lemmasthat relate theseobjects and will be usedto prove

a form of Hochster's formula.

Lemma 2.14. Given a simplicial complex � on vertex set V, then for W � V and

F = V n W,

lk � � (F ) = (� W )� :

Note that the Alexander Dual of � W is taken in the ambient vertex set W and not

in V.

Proof.

G 2 lk � � (F ) ( ) G \ F = ; and G [ F 2 � �

( ) G � W and V n (G [ F ) =2 �

( ) G � W and (V n G) \ W =2 �

( ) G � W and W n G =2 � W

( ) G 2 (� W )� :

Lemma 2.15. Let | be a �eld and � a simplicial complex on n vertices. Then for

all i ,
~H i (�; | ) �= ~Hn� 3� i (� � ; | ):

Proof. See[BH98, p.241].

2.2.2 Form ulas for Graded Betti Num bers

Theorem 2.16 (Ho chster's Form ula [Ho c77, p.194] [Jac04, p.11] [BH98 ,

p.241]). Let | [�] be the Stanley-Reisnerring of the simplicial complex� on vertices

V = f x1; : : : ; xng. Then for b 2 Nn , the �ne Betti numbersof | [�] are

� i; b (| [�]) =

8
<

:

dim|
~H jb j� i � 1(� b ; | ) b 2 f 0; 1gn

0 otherwise.

Consequently, the N-gradedBetti numbersare

� i;j (| [�]) =
X

W � V
jW j= j

dim|
~H j � i � 1(� W ; | )
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and the total Betti numbersare

� i (| [�]) =
X

W � V

dim|
~H jW j� i � 1(� W ; | ):

Theorem 2.17 ([ER98, p.267][Jac04 , p.13]). Let | [�] be the Stanley-Reisner

ring of the simplicial complex � on n vertices. The N-gradedBetti numbers of | [�]

are

� i;j (| [�]) =
X

F 2 � �

jF j= n� j

dim|
~H i � 2(lk � � (F ); | );

and the total Betti numbersare

� i (| [�]) =
X

F 2 � �

dim|
~H i � 2(lk � � (F ); | ):

Proof. Note that if W 2 � then � W is a simplex and hencehaszeroreducedhomol-

ogy. Therefore, we can reduceHochster's formula for the N-graded Betti numbers

to

� i;j (| [�]) =
X

W � V; W =2 � ; jW j= j

dim|
~H j � i � 1(� W ; | ):

Now, every W � V with W =2 � is in bijective correspondencewith facesF =

V nW 2 � � . Further jWj = j if and only if jF j = n � j . By the previoustwo lemmas,

we have
~H j � i � 1(� W ; | ) = ~H i � 2((� W )� ; | ) = ~H i � 2(lk � � (F ); | )

and hencethe result follows by substitution.

2.3 Betti Num bers of Facet and Edge Ideals

In this section we begin by giving Betti numbers for certain classesof square-free

monomial ideals | namely, the edgeideals of complete graphs, cyclesand forests.

Thesewere developed by Jacques([Jac04]) and his primary tool was Hochster's for-

mula. Later we introduce the Splitting Theorem by Eliahou, Kervaire and Fatabbi

which was applied by T�ai H�a and Van Tuyl to produce Betti numbers for certain

classesof edgeand facet ideals.
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2.3.1 Betti Num bers of Common Graphs

Theorem 2.18 ([Jac04 , p.35]). If K n is a complete graph on n vertices, then

the Betti numbers of its edge ideal are independent of the �eld | and given by

� i;i +2 (I (K n )) = (i + 1)
� n

i+2

�
and � i;j = 0 for j 6= i + 2.

Proof. Let V = f x1; : : : ; xng be the vertex set of �. The Stanley-Reisnercomplex

of I (K n) is � = � N (I (K n )) = hfx1g; f x2g; : : : ; f xngi as the ideal I (K n) contains all

square-freemonomialsof degreetwo and higher. The reducedsimplicial homologyof

� restricted to the vertex set W is

~H i (� W ; | ) =

8
<

:

jWj � 1 i = 0

0 otherwise.

Thus, by Hochster's formula,

� i;j (| [�]) =
X

W � V
jW j= j

~H j � i � 1(� W ; | ):

However, if j 6= i + 1 then all of the terms in the sum are zero. If j = i + 1 then the

sum becomes

� i;j (| [�]) =
X

W � V
jW j= i+1

~H0(� W ; | )

=
X

W � V
jW j= i+1

i

= i
�

n
i + 1

�
:

Since � i;j (I (K n)) = � i +1 ;j (| [x1; : : : ; xn ]=I (K n )) = � i +1 ;j (| [�]) we get the desired

result.

Jacquesalsocomputesthe Betti numbers for multipartite completegraphsusing

the fact that � N (I (K n1 ;:::;n t )) is the disjoint union of simpliciesof sizen1; n2; n3 and

so on. The following is the result for the special caseof completebipartite graphs.
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Theorem 2.19 ([Jac04 , p.37]). The Betti numbersof the completebipartite graph

K n;m are independent of the �eld and given by the formula

� i;i +2 (I (K n;m )) =
X

s+ t= i+2
s;t � 1

�
n
s

� �
m
t

�

and � i;j (I (K n;m )) = 0 when j 6= i + 2.

Completemultipartite graphs, like completeand completebipartite graphs,have

linear resolutions ([Jac04, p.39]). As Jacquespoints out, thesecalculationsof Betti

numbers are only possiblebecause\the simplicial complexesassociated with these

graphshave . . . reducedhomologywhich is easyto understandand calculate" ([Jac04,

p.41]).

The Betti numbers for edgeideals of cyclesand forests were also computed by

Jacques([Jac04, p.75, p.107]) by homologicalmeans.The formula for cyclesis given

below while the formula for forestsis discussedin the next sectionwherewe introduce

an alternative to Hochster's formula, utilized by T�ai H�a and Van Tuyl ([HT05]), to

computeBetti numbersof edgeand facet ideals.

Theorem 2.20 ([Jac04 , p.75]). Let Cn be a cycle with n vertices. The Betti

numbers of S=I (Cn ) = | [x1; : : : ; xn ]=(x1x2; x2x3; : : : ; xn� 1xn ; xnx1) are independent

of the �eld and can be expressedas,

� i;j (Cn ) =
n

n � 2(j � i )

�
j � i
2i � j

��
n � 2(j � i )

j � i

�
;

when 3i
2 � j � min(n � 1; 2i ). If j = n then

� i;n (Cn ) =

8
>>>><

>>>>:

2 n � 0 mod 3; i = 2n
3

1 n � 1 mod 3; i = 2n+1
3

1 n � 2 mod 3; i = 2n� 1
3 :

Finally, � i;j (Cn) = 0 when j doesnot fall into either caseabove. Note that � i;j (Cn ) =

� i;j (S=I (Cn )) = � i � 1;j (I (Cn )).

Jacques'sproof of Theorem2.20relieson classifyingand enumerating the induced

subgraphsof a cycle and relating them to the links of the cycle's Alexander dual.
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Theseinduced subgraphsturn out to be runs of varying lengths | graphs that are

disjoint unions of paths. Once the links of the Alexander dual are understood, one

can usethe secondform of Hochster's formula to compute the Betti numbers.

Though the results of the following section simplify Jacques'swork on forests,

they are not directly applicable to computing the Betti numbersof cycles.

2.3.2 Splitting Theorem

A monomial ideal I hasa uniqueset of minimal monomialgenerators.If we partition

this set into two piecesand consider the ideals J and K , each generatedby the

monomialsfrom a half of the partition, we can ask how the Betti numbers of J and

K relate to those of I . Eliahou and Kervaire ([EK90]) showed that when J and K

are a \splitting" of I then � i (I ) = � i (J ) + � i (K ) + � i � 1(J \ K ). Fatabbi ([Fat01])

extendedthis to the gradedBetti numbers.

De�nition 2.21 (Splittable Ideal [EK90, p.17]). A monomial ideal I is said to

be splittable if I = J + K for somenon-zeromonomial idealsJ and K , such that

1. The minimal monomial generatorsof I are the disjoint union of the generators

of J and K .

2. There is a splitting function � �  : G(J \ K ) ! G(J ) � G(K ) satisfying,

(a) For all w 2 G(J \ K ), w = lcm(� (w);  (w)).

(b) For every non-empty subsetS � G(J \ K ), both lcm(� (S)) and lcm( (S))

strictly divide lcm(S).

Theorem 2.22 (Splitting Theorem [EK90 , p.18], [Fat01 ]). If I is a splittable

monomial ideal with splitting I = J + K then for all i; j � 0,

� i;j (I ) = � i;j (J ) + � i;j (K ) + � i � 1;j (J \ K ):

Here � � 1;j = 0 for all j .

This theoremsuggeststhat the Betti numbersof a splittable monomial ideal might

be computedrecursively if J , K and J \ K are alsosplittable and smaller than I in

somerespect.
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It is a reasonablequestion to ask which edgeidealsand facet idealsare splitting

ideals. In [HT05], T�ai H�a and Van Tuyl completelycharacterizethe edgeidealswhich

have splittings of the form I = (m) + (w1; : : : ; wk). Sinceeach monomial generator

of an edgeideal I (G) correspondsto an edgein the graph G, the following de�nition

is natural.

De�nition 2.23 (Splitting Edge [HT05 , p.8]). An edgee 2 E(G) is a splitting

edge if I (G) = (e) + I (G n e) is a splitting of I .

Theorem 2.24 ([HT05 , p.9]). An edgeuv 2 E(G) is a splitting edgeif and only if

u dominatesv (i.e. N (v) � N (u) [ f ug) or v dominatesu.

When we have a splitting edge,we can expandthe splitting theoremto give Betti

numberssolely in terms of the Betti numbersof subgraphs.

Theorem 2.25 ([HT05 , p.11]). Let G be a graph with splitting edgee = uv and

let H be the subgraphG n(N (u) [ N (v)). If m = jN (u) [ N (v)j � 2 then for all i � 1

and all j � 0,

� i;j (I (G)) = � i;j (I (G n e)) +
iX

l=0

�
m
l

�
� i � l � 1;j � 2� l (I (H ))

where� � 1;0(I (H )) = 1 and � � 1;j (I (H )) = 0 if j 6= 0.

Note that if i = 0, then the above formula simpli�es to

� 0;j (I (G)) = � 0;j (I (G n e)) +
�

m
0

�
� � 1;j � 2(I (H )):

Since� 0;j (I (G n e)) = jE(G)j � 1 and � � 1;j � 2(I (H )) = 1 both when j = 2, and are

zerootherwise,

� 0;j =

8
<

:

jE(G)j j = 2

0 otherwise

as we expect. Thus the theoremholds for all i � 0.

The following de�nition and subsequent results (Proposition 2.27, Lemma 2.29

and Theorem2.30) are original work that explore the utilit y of splitting edges.
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De�nition 2.26 (Completely Edge Splittable). A graph G is called completely

edgesplittable if jE(G)j � 1 or if G contains a splitting edgee = uv whereG n e and

G n (N (u) [ N (v)) are both completely edgesplittable.

When a graph is completelyedgesplittable wecanrecursively apply Theorem2.25

to compute the graph's Betti numbers. In the next proposition, we apply Theorem

2.25to obtain an explicit formula for the Betti numbersof a certain classcompletely

edgesplittable graphswhich contains the completegraphs. One can check that this

generalizesJacques'sformula (Theorem2.18) for the Betti numberscompletegraphs.

Prop osition 2.27. Let K m
n , for 0 � m � n, be the the completegraph on n vertices

v1; : : : ; vn along with an extra vertex u and the m edgesuv1; uv2; : : : ; uvm (refer to

the next example). Then K m
n is completely edgesplittable and for i � 0,

� i;j (I (K m
n )) =

8
<

:

(i + 1)
� n

i+2

�
+ m

� n� 1
i

�
j = i + 2

0 otherwise.

Here we assume
� a

b

�
= 0 for b< 0 and b> a.

Proof. We want to show that K m
n is completelyedgesplittable by induction. So,�rst

we enumerate thesegraphsas,

G1 = K 0
0 ;

G2 = K 0
1 ; G3 = K 1

1 ;

G4 = K 0
2 ; G5 = K 1

2 ; G6 = K 2
2 ;

G7 = K 0
3 ; G8 = K 1

3 ; G9 = K 2
3 ; G10 = K 3

3 ;

G11 = K 0
4 ; G12 = K 1

4 ; G13 = K 2
4 ; : : : :

Notice that G1 = K 0
0 is a single vertex which by our de�nition is completely edge

splittable. Since this graph has no edges,all of its Betti numbers are zero which

agreeswith the given formula;

� i;i +2 (I (K 0
0)) = (i + 1)

�
0

i + 2

�
+ 0

�
� 1
i

�
= 0; for i � 0:

For our inductive hypothesis, we assumethat Gk0 is completely edgesplittable

and it has the Betti numbers given above for all k0 < k. Let Gk be the graph which

we now want to show is completely edgesplittable.
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If we let Gk = K m
n then our inductive hypothesisstates that both K m0

n is com-

pletely edgesplittable and has the correct Betti numbers for 0 � m0 < m (i.e. all

graphsin row n and to the left of Gk = K m
n in the list above) and K m1

n1
is completely

edgesplittable and has the correct Betti numbers for 0 � m1 � n1 < n (i.e. all

graphsabove the row containing Gk).

There are two casesto the induction; m = 0 (i.e. Gk is at the left end of a row)

and m > 0.

If m = 0 then K m
n is a complete graph on n vertices along with an extra iso-

lated vertex. Since isolated vertices do not a�ect the property of being completely

edgesplittable, K m
n is completely edgesplittable as K n

�= K n� 1
n� 1 is completely edge

splittable, by our hypothesis. In this case,

� i;j (I (K 0
n )) = � i;j (I (K n� 1

n� 1))

= (i + 1)
�

n � 1
i + 2

�
+ (n � 1)

�
n � 2

i

�

=
(i + 1)(n � 1)!

(i + 2)!(n � i � 3)!
+

(n � 1)(n � 2)!
i !(n � i � 2)!

= (n � 1)!
(i + 1)(n � i � 2) + (i + 2)(i + 1)

(i + 2)!(n � i � 2)!

= (n � 1)!(i + 1)
n

(i + 2)!(n � i � 2)!

= (i + 1)
�

n
i + 2

�

giving the desiredresult.

If m > 0 then uvm 2 E(K m
n ) is a splitting edge as N (u) � f v1; : : : ; vng =

N (vm ) [ f vmg (that is, vm dominates u). Notice that K m
n n uvm = K m� 1

n which

is completelyedgesplittable asis K m
n n(N (u) [ N (vm )) | the graph with no vertices.
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Thus by De�nition 2.26,K m
n is completely edgesplittable and by Theorem2.25,

� i;j (I (K m
n )) = � i;j (K m� 1

n ) +
iX

l=0

�
n � 1

l

�
� i � l � 1;j � 2� l ((0))

=

8
<

:

� i;j (K m� 1
n ) +

� n� 1
i

�
j = i + 2

� i;j (K m� 1
n ) otherwise

=

8
<

:

(i + 1)
� n

i+2

�
+ (m � 1)

� n� 1
i

�
+

� n� 1
i

�
j = i + 2

0 otherwise

which simpli�es to the desired result. The result hold for all values of n and m

(0 � m � n) by induction.

Example 2.28.

�

� �

�

��

� �

v1

v2

v3v4

v5

v6

uK 3
6 :

Observe that this classof graphs includes the completegraphs; K n
�= K n� 1

n� 1 and

since� i;j (I (K n� 1
n� 1)) = � i;j (I (K 0

n)) we recover Theorem2.18due to Jacques.

The entire classof completelyedgesplittable graphsis characterizedin Theorem

2.30which requiresthe following lemma.

Lemma 2.29. If e = uv is a splitting edgeof graph G then e does not lie on a

minimal cycle.

Proof. Assumethat e = uv is a splitting edgethat lieson a minimal cycleC. Without

lossof generality, assumethat u dominatesv. As e lieson C then there is a neighbour

x of v along the cycle C other than u. Sinceu dominatesv, x 2 N (u) and hencexu

is a chord of C, contradicting that C is a minimal cycle.
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Theorem 2.30. A graph is completely edgesplittable if and only if it is a chordal

graph.

Proof. The proof starts by showing that chordal graphsarecompletelyedgesplittable.

Any graph with fewer than two edgesis both chordal and completely edgesplit-

table. Assume that any chordal graph with less than k edgesis completely edge

splittable. Given a chordal graph G with k � 2 edges,there always exists v 2 V(G)

where the subgraph induced on N (v) [ f vg is a complete graph on more than one

vertex ([Vil01, p.196]). Take such a vertex v 2 V(G) and any u 2 N (v). By Theorem

2.24, the edgee = uv is a splitting edgeas u dominatesv.

If we considerthe two subgraphsG n(N (v) [ N (u)) and G ne, the �rst is chordal

becausedeletion of vertices in a chordal graph yields a chordal graph. The second

subgraph,G n e is alsochordal as follows.

Any cycle C of length greater than three in G n e is also a cycle in G. As G is

chordal, C is not a minimal cycle of G. If C is a minimal cycle in G n e then e must

be a chord of C. However, for our particular choiceof e = uv, we notice that v must

lie on C. The two neighbours of v along C are connectedas N (v) [ f vg is complete

even in G n e. Thus the edgebetweenthesetwo neighbours of v givesa chord of C,

and hencethere are no minimal cyclesin G n e. In other words, G n e is chordal.

Sincethesetwo subgraphsof G are both chordal and contain strictly fewer than k

edges,they are both completely edgesplittable. By de�nition, G is completely edge

splittable as well.

In the oppositedirection, weassumethat G is not chordal and show that it cannot

be completelyedgesplittable. SinceG is not chordal, it contains a minimal cycleC.

We know from the previous lemma that any splitting edgecannot lie on C. If there

are no splitting edgesin G, then G is not completely edgesplittable as it contains

more than oneedge.ShouldG have a splitting edgethen G ne still contains C which

remainsminimal. Thus iterating the processof splitting edgeremoval will never reach

a basecasein the de�nition of completely edgesplittable; G is not completely edge

splittable.

Jacquesderived a recursive formula ([Jac04, p.107]) for the Betti numbers of

forests using homological means. Since forests are chordal graphs, Theorem 2.30
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justi�es that we can alsousethe recursive formula in Theorem2.25to �nd a forest's

Betti numbers. However, this wasalreadyknown; it wasobservedby T�ai H�a and Van

Tuyl in [HT05, p.13] that Jacques'srecursive formula is exactly Theorem2.25where

the splitting edgeis chosento be the edgeincident with a leaf. The linear strand of

a forest is known explicitly due to a formula, given in the next section, that applies

to graphswithout minimal cyclesof length four.

Note that the converseof Lemma 2.29 is not true. In fact, the following graph

contains a edgethat lies on no minimal cyclesand yet the graph has no splitting

edges.There is currently no good description of graphswithout splitting edges.

Example 2.31. The graph below contains only two minimal cycles: (x; z; t; s) and

(y; z; u; v). By Theorem2.24,the edgee is not a splitting edgeass is not a neighbour

of y nor is v a neighbour of x. Thus, e not on any minimal cycle and it is not a

splitting edge.

�

�

� �

�

�

�

�

e

t

s

x y

v

u

z

Another method of partitioning the monomialsof an edgeideal is to take vertex

from the graph and considerwhich edgesare adjacent to the vertex and which are

not.

De�nition 2.32 (Splitting Vertex [HT05 , p.14]). Let v be a vertex in graph G

neighbours N (v) = f u1; : : : ; ukg. The vertex v is called a splitting vertex if I (G) =

(vu1; vu2; : : : ; vuk) + I (G n f vg) is a splitting of I (G).

Theorem 2.33 ([HT05 , p.14]). A vertex v in graph G is a splitting vertex if and

only if it hasat least oneneighbour and jE(G n f vg)j > 0.

Note that this is a very weak criterion. Any vertex is a splitting vertex as long

the partition of the edgesinto those adjacent and those non-adjacent to the vertex

is a non-trivial partition. Unfortunately, for splitting vertices,the Splitting Theorem
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(Theorem 2.22) has not been simpli�ed to a direct recursive formula on subgraphs

as has beendone for splitting edgesin Theorem 2.25. However, the following result

comesclose.

Theorem 2.34 ([HT05 , p.16]). Let v be a splitting vertex of G with neighbours

N (v) = f u1; : : : ; udg. Let G(v) be the subgraph of G with vertices that are the

neighbours of v and their neighbours but excluding v, and edgesthat are incident to

a neighbour of v, but not incident to v itself;

V(G(v)) = f u1; : : : ; udg [
d[

i =1

N (ui ) n f vg;

E(G(v)) = f ui y 2 E(G) j y 2 V(G(v)) and i = 1; : : : ; dg:

Let Gi be G n (N (v) [ N (ui )) for i = 1; : : : ; d.

Then the Betti numbersof I (G) are

� i;j (I (G)) = � i;j (I (K 1;d)) + � i;j (G n v) + � i � 1;j (L)

whereL = vI (G(v)) + vu1I (G1) + � � � + vudI (Gd) and K 1;d is the completebipartite

graph of size1; d.

The only di�cult y in computing the Betti numbers of G using splitting vertices

and the previous theorem is to compute the Betti numbers of L. SinceL is not an

edgeideal (it contains monomialsof degreethree and four) moregeneralresultsmust

be applied.

In the next sectionwe will discussresults about the linear strand and its relation

to minimal cycles.Splitting verticesallowed T�ai H�a and Van Tuyl [HT05] to produce

combinatorial proofs for someof theseresults.

The remainderof this sectionwill focuson the facet idealsof simplicial complexes

| the generalizationof edgeideals | in order to �nd splittings.

Much like a splitting edge,a particular facet F in simplicial complex� inducesa

partition of the monomial generatorsof IF (�);

IF (�) = (F ) + (F1; : : : ; Fk)

wherethe facetsof � are F; F1; : : : ; Fk .
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De�nition 2.35 (Splitting Facet). If � is a simplicial complexwith facetsF (�) =

f F; F1; : : : ; Fkg then we say F is a splitting facet if IF (�) = (F ) + (F1; : : : ; Fk) is a

splitting of IF (�).

Theorem 2.36 ([HT05 , p.22]). If F is a leaf of simplicial complex �, then F is a

splitting facet of �.

However, not all splitting facetsare leaves. In the casewherethe simplicial com-

plex is pure one-dimensional,or in other words a graph, splitting facetsare simply

splitting edgesand this allowsoneto easilyconstruct examplesof splitting facetsthat

are not leaves. For example,the edgee = xy in a three cycle is a splitting edge| as

x dominatesy | but is not a leaf.

Splitting edgesand splitting facetsyield splittings of a commonform;

I = (m) + (G(I ) n m)

for m 2 G(I ). The next proposition shows that thesesingle monomial partitions of

G(I ) form splittings of I under a weaker set of hypothesesthan in the de�nition of a

splitting.

Prop osition 2.37 (Single Monomial Splitting Theorem). SupposeI is a mono-

mial ideal and G(I ) = f m; w1; : : : ; wkg. Let J = (m) and K = (w1; : : : ; wk) so that

I = J + K . The idealsJ and K are a splitting of I if and only if there is a function

� �  : G(J \ K ) ! G(J ) � G(K ) satisfying,

1. For all w 2 G(J \ K ), w = lcm(� (w);  (w)) and

2. Both lcm � (G(J \ K )) and lcm (G(J \ K )) strictly divide lcm(G(J \ K )).

Proof. Clearly, if I = J + K is a splitting, then there is a splitting function and it

has the two desiredproperties.

In the other direction, let the function � �  : G(J \ K ) ! G(J ) � G(K ) satisfy

1 and 2 and assumefor a contradiction that � �  is not a splitting function. Under

this assumption,there must exist S � G(J \ K ) whereeither lcm(� (S)) or lcm( (S))

doesnot strictly divide lcm(S).
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Next observe that since G(J ) = f mg that lcm � (S) = f mg. Also, as w =

lcm(� (w);  (w)) = lcm(m;  (w)), we can �nd an index set B � f 1; : : : ; kg with

G(J \ K ) = f lcm(m; wi ) j i 2 Bg and where  (lcm(m; wi )) = wi . As S � G(J \ K )

there is another set of indicesA � B with S = f lcm(m; wi ) j i 2 Ag. Clearly lcmS

divides lcmG(J \ K ) = lcm(m; lcmi 2 B (wi )).

To beginwith, lcm(� (S)) = m always strictly divideslcm(S) = lcm(m; lcmi 2 A wi ).

If m did not strictly divide lcm(S) then lcm(S) = m in which casewi divides m

contradicting that m; w1; : : : ; wk are the minimal generatorsof I .

Also, it is clearthat lcm( (S)) = lcmi 2 A (wi ) divides lcm(S). And so,if lcm( (S))

doesnot strictly divide lcm(S), then they are equal. That is, lcm(m; lcmi 2 A (wi )) =

lcmi 2 A (wi ). Thus,

lcm(G(J \ K )) = lcm(m; lcmi 2 B (wi ))

= lcm(m; lcmi 2 A (wi ); lcmi 2 B nA (wi ))

= lcm(lcmi 2 A (wi ); lcmi 2 B nA (wi ))

= lcmi 2 B (wi )

= lcm( (J \ K ))

which contradicts 2. Consequently, � �  must be a splitting function.

This weaker condition doesnot simplify the proof that leavesare splitting facets

nor the characterization of splitting edges,but it may be useful in �nding further

classesof splitting facets.

For simplicial complexes� with a splitting facet F , T�ai H�a and Van Tuyl have

expressedtheir Betti numbers in terms of the smaller complexesconn� (F ) and 
 =

� n conn� (�).

De�nition 2.38 ((Reduced) Connected Comp onent). Let F be a facet of �.

1. Let conn� (F ) be the connected component of � that contains F .

2. If F; G1; : : : ; Gk are the facets in conn� (F ) then the reduced connected com-

ponent of F in �, denoted conn� (F ), is the simplicial complex generatedby

facetsthat are the minimal elements in f G1 n F; G2 n F; : : : ; Gk n F g under set

inclusion.
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Example 2.39. Let � be the facet complexof I = (xyw; xzuv; xyzv; st).

�

�

�

� �

�

u

v x

y w

z

�

�

s

t
�:

If F = f x; y; wg then conn� (F ) has facets F , G1 = f x; z; u; vg and G2 =

f x; y; z; vg. Reducingby F leavesG1 n F = f z; u; vg and G2 n F = f z; vg, the latter

of which is minimal under set inclusion. Thus, the reducedconnectedcomponent of

� by F is
�

�

v
zconn� (f x; y; wg):

Theorem 2.40 ([HT05 , p.21]). If � is a simplicial complexwith splitting facet F ,

then for all i � 1 and all j � 0

� i;j (IF (�)) = � i;j (IF (� n F )) +
iX

l1=0

j �j F jX

l2=0

� l1 � 1;l2 (IF (conn� (F ))) � i � l1 � 1;j �j F j� l2 (IF (
))

where
 = � nconn� (F ) and � nF is the simplicial complexgeneratedby all the facets

of � exceptF . Here� � 1;0(I ) = 1 and � � 1;j (I ) = 0 if j > 0 for I = IF (conn� (F )) and

IF (
).

When � is a simplicial forest, the subcomplexes
, � n F and conn� (F ) are also

forests (see[HT05, p.23] for conn� (F )) and so, this formula recursively determines

the Betti numbersof �. T�ai H�a and Van Tuyl usedthis to computethe linear strand

of pure simplicial forests,generalizinga result of Zheng([Zhe04, p.15]).

Theorem 2.41 ([HT05 , p.25]). Let � be a pure (d� 1)-dimensionalforest for some

d � 2. Then

� i;i + d(IF (�)) =

8
<

:

jF (�) j i = 0
P

G2A (�)

� deg� (G)
i +1

�
i � 1

whereA(�) is the setof all (d� 2)-dimensionalfacesof � and deg� (G) is the number

of facetsin � that contain G.
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2.3.3 Minimal Cycles and the Linear Strand

The previoussectionendedwith a simple formula for the linear strand of pure sim-

plicial forests. The linear strand of graphswith no minimal four cyclesis alsoknown

and naturally both results agreeon pure 1-dimensionalforests.

Theorem 2.42 ([R T04 , p.4]). Given a graph G with no minimal cyclesof length

four, its linear strand is

� i;j (I (G)) =
X

u2 V (G)

�
degu
i + 1

�
� ki +2 (G)

whereki +2 (G) is the number of (i + 2)-cliquesin G.

The original proof by Roth and Van Tuyl used a third variation of Hochster's

formula that works for edgeideals, while in [HT05] a combinatorial proof is given.

When G is a forest, the formula simpli�es as ki +2 (G) = 0 for i � 0.

Minimal cyclesalsocharacterizewhich edgeidealshave nearly linear resolutions.

De�nition 2.43 (The N2;p Prop ert y). An ideal I is saidto satisfy the N2;p property

if it is generatedby quadratics and if � i;j (I ) = 0 for all i 2 f 0; : : : ; pg and j 6= i + 2.

In other words, the minimal gradedresolution of I is 2-linear up to and including the

p-th step.

Theorem 2.44 ([EGHP05 , p.1470] [HT05 , p.16]). Let G be a graph with edge

ideal I (G). Then I (G) satis�es N2;p if and only if Gc contains no minimal cyclesof

length < p + 3, assumingthat p > 1.

The formula developed for splitting vertices allowed T�ai H�a and Van Tuyl to

recover this previouslyknown result. Sincea graph is chordal if and only if it contains

no minimal cycles,and an ideal had a linear resolution if and only if it satis�es N2;p

for all p > 1, we have the following corollary.

Corollary 2.45 ([F r•o90, p.58]). Let G be a graph with edgeideal I (G). Then I (G)

hasa linear resolution if and only if Gc is chordal.
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2.3.4 Bounds on Betti Num bers and Pro jectiv e Dimension

Regularity and projective dimensionare two invariants of a module that can be com-

puted from its Betti numbers.

De�nition 2.46 (Regularit y and Pro jectiv e Dimension). Given an N-graded

module M , the regularity of M is

reg(M ) = maxf j � i j i 2 N; j 2 N; � i;j (M ) 6= 0g

while its projective dimension, denoted pd(M ), is the length of its minimal free

resolution;

pd(M ) = maxf i 2 N j 9j 2 N; � i;j (M ) 6= 0g:

We now give a number of results that relate the Betti numbers of graphs and

complexesto the Betti numbersof their subgraphsand subcomplexes.

De�nition 2.47 (Induced Facet Subcomplex). Let � be a simplicial complex

with vertex set V and facetsF (�). For a subsetW � V, we de�ne the W-induced

facet subcomplex of � to be the simplicial complexhF 2 F (�) j F � Wi .

Note that the W-induced facet subcomplex of � is not in generalequal to the

restriction � W of � to W.

Theorem 2.48. Let � be a simplicial complex with vertex set V and let W be a

subsetof V . If � 0 is the W-induced facet subcomplexof � then for all i; j 2 N,

� i;j (IF (� 0)) � � i;j (IF (�)) :

Proof. Let U � W � V. We claim that (� c� )U = (� 0c� )U . This follows as, for faces

f ,

f 2 (� 0c� )U

( ) f � U and 8F 2 F (� 0); F 6� f

( ) f � U and 8F 2 F (�) ; F 6� f

( ) f 2 (� c� )U :
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The secondimplication above holds asF 2 F (�) n F (� 0) implies F 6� W and hence

f � U � W givesF 6� f . Thus, by Hochster's formula,

� i;j (IF (� 0)) = � i;j (IN (� 0c� ))

=
X

U� W
jUj= j

dim|
~H j � i ((� 0c� )U ; | )

�
X

U� V
jUj= j

dim|
~H j � i ((� c� )U ; | )

= � i;j (IN (� c� ))

= � i;j (IF (�))

This result is a generalizationof the following result by Jacqueswhich wasproved

in the sameway.

Corollary 2.49 ([Jac04 , p.28]). Let GW be a subgraphof graph G that is induced

on a set of verticesW � V(G). Then � i;j (I (GW )) � � i;j (I (G)) for all i; j 2 N.

A consequenceof theseresults is that the projective dimensionand regularity of

an induced subgraph (resp. induced facet subcomplex) are no larger than those of

the original graph (resp. complex).

The projective dimensionof a graph's edgeideal can alsobe boundedfrom below

in a purely combinatorial way.

Theorem 2.50 ([Jac04 , p.30]). If H an inducedsubgraphof G whosegraph com-

plement H c is disconnectedthen pd(G) � jV(H )j � 1.

Jacquesnotesthat inducedsubgraphsof G that arecompleteor completebipartite

meet this criterion.

Example 2.51. One might ask how restriction of a facet complex a�ects its Betti

numbers. It is not true in generalthat � i;j (IF (� W )) � � i;j (IF (�)) simply in virtue

of the fact that the dimensionsof the facets of � and � W may not be equal. For
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example, if � = hfx1; x2; x3g; f x2; x3; x4gi then � f x1 ;x3 ;x4g = hfx1; x3g; f x3; x4gi and

thus � 0;2(IF (�)) = 0 while � 0;2(IF (� W )) = 2.

The �nal two theorems of this section, due to Jacques,provide general upper

bounds on degreesin which non-zero graded Betti numbers occur. This in turn

placesa bound on the regularity of monomial ideals.

Theorem 2.52 ([Jac04 , p.26]). Let I � S be a monomial ideal whosegenerators

areof degreed or less.Then the gradedBetti numbers� i;j (S=I ) arezerowhenj > di.

Proof. This comesfrom the Taylor resolution of I (De�nition 3.19) which appears

in the next chapter. If we construct a labelled simplex � with vertices given by

the generatorsof I then, as the minimal resolution of I is a subcomplexof Taylor's

resolution, � i;j is lessthan the number of (i � 1)-facesof � with degreej . However,

as (i � 1)-facesof � are the least common multiple of i generatorsof I , each has

degreelessthan or equal to di.

Jacquesalso gives the following combinatorial description of the graded Betti

numbersof highest degreefor edgeideals.

Theorem 2.53 ([Jac04 , p.26]). Let I � S be the edgeideal of graph G. Then for

i � 1, � i; 2i (S=I ) is the number of induced subgraphsof G that are i disjoint edges.

It is immediate from Theorem 2.52 that monomial ideals I with generatorsof

degreed or less have regularity reg(S=I ) � (d � 1) pd(S=I ) and that reg(S=I ) �

pd(S=I ) for edgeideals.



Chapter 3

Cellular Resolutions

This chapter explorestechniquesdeveloped largely by Bayer, Peeva and Sturmfels to

embed entire resolutionsinto a combinatorial structure. In particular, we will take a

monomial ideal I and a cell complexX and label the verticesof X with the generators

of I . Next we homogenizethe chain complexof X to producea complexFX of free

modulescalled the \cellular complex" of X .

This cellular complexis not always a resolutionof I , but there is a simplecriterion

that we can useto decide. When the cellular complexis a resolution we say that FX

is a cellular resolution and that X supports a cellular resolution of I .

However, for a given ideal I , it is not obvious how to construct a cell complexthat

supports a minimal resolution of I . In [BS98], Bayer and Sturmfels gave a general

construction of a cell complexfrom an ideal that always supports a resolution though

it is not necessarilyminimal. Their cell complex,called the \h ull complex", is made

from the boundedfacesof certain polyhedra.

The \Scarf complex" is another construction of a cell complexthat is designedto

support free resolutions. It comesfrom economicsbut was studied algebraically by

Bayer, Peeva and Sturmfels([BPS98]). However, the Scarfcomplexand the hull com-

plex have opposite problems. The cellular complexof the Scarfcomplexis contained

in the minimal resolution while the cellular complexof the hull complexcontains the

minimal resolution.

Remarkably, the Scarf complexof a genericideal is the sameas the hull complex

of the same ideal. Thus, their cellular complexesagreeand are the minimal free

resolution of the genericideal.

We start this chapter with an overview of cell complexesand the combinatorial

structure of their faces.This is followed by careful coverageof cellular complexesand

the criteria for their exactnessandminimalit y. A brief introduction to the terminology

47
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of polytopesand polyhedrais then givenbeforedescribingthe hull complex. Near the

end of this chapter we touch on Scarf complexessowe can show that hull complexes

support minimal free resolutionsof genericideals.

The techniquesdiscussedin this chapter apply not only to monomial ideals but

alsoto co-Artinian monomialmodules(De�nition 3.11). Onecanthink of co-Artinian

monomial modules as ideals that are generatedby monomials of the form x a with

a 2 Zn . The results given in this chapter will be at this more generallevel.

3.1 Cell Complexes and Cellular Homology

Cell complexesare topologicalspacesthat are constructedby \gluing" together discs

that are homeomorphicto Bm = f v 2 Rm j jvj � 1g. For a subset� of a topological

space,we will use the notation � to denote the closure of � and _� to denote its

boundary.

De�nition 3.1 (Regular Cell Complex [CF67 ]). A non-empty Hausdor� topo-

logical spaceX is said to be a (�nite-dimensional) regular cell complex if

1. X contains a sequenceof closedsubspaces,

; = X � 1 � X 0 � X 1 � � � � � X d = X :

The subspaceX m is called the m-skeletonof X .

2. The spaceX m n X m� 1 is the disjoint union of a (possibly in�nite) family of

connectedcomponents, (� m
i ) i 2 A m ;

X m n X m� 1 =
[

i 2 A m

� m
i :

3. Each � m
i is open in X m and is called an m-cell of X .

4. There is a homeomorphism,

� m
i : Bm ! � m

i ;

betweenthe closureof each m-cell and the closedm-dimensionalball.
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5. A subsetY � X is open if and only if (� m
i )� 1(� m

i \ Y) is open for all cells � m
i .

6. The relative topology of X m in X is the sameasthe topology induced(as in 5)

by the k-cellswith k � m.

For brevity and to follow much of the literature, wewill refer to regularcell complexes

simply ascell complexes.Onecanweaken the fourth condition above to obtain a non-

regularcell complexwhich is commonlyreferredto asa CW-complex([CF67], [Mas80,

p.79]).

A consequenceof this de�nition ([CF67, p.4]) is that the boundary of an m-cell is

equal to the intersectionof its closurewith the (m � 1)-skeleton;

_� m
i = � m

i n � m
i = � m

i \ X m� 1:

The geometric realization of a simplicial complex � is a cell complex ([CF67,

p.26]); the m-facesof � are realized into m-cells that satisfy all of the requisite

properties.

Example 3.2. Consider the set X = f (x; y) 2 R2 j 0 � x; y � 1g. This is a cell

complexwith four vertices,

� 0
1 = (0; 0); � 0

2 = (1; 0); � 0
3 = (0; 1); � 0

4 = (1; 1);

four 1-cells,

� 1
1 = f (x; 0) j 0 < x < 1g; � 1

2 = f (0; y) j 0 < y < 1g;

� 1
3 = f (1; y) j 0 < y < 1g; � 1

4 = f (x; 1) j 0 < x < 1g

and one2-cell, � 2
1 = (0; 1) � (0; 1).

X :

1

1

� �

��

� 0
1

� 0
3 � 0

4

� 0
2

� 1
2

� 1
1

� 1
4

� 1
3

� 2
1
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De�nition 3.3 (Face Relation). Let � be a k-cell and � be an m-cell of a cell

complex X . We say � is a face of � and write � � � when either � = ; , � = � or

k < m and � \ � 6= ; .

The relation � is clearly re
exiv e and anti-symmetric. However, for any cell

complex and cells � and � as above, if k < m and � \ � 6= ; then1 � � _� and

consequently � � � . Thus if � � � � � then � � � � � � � and hence� � � ; the

relation � is also transitiv e.

Cell complexesprovide us with both a topological and a combinatorial structure

in which we can embed information about our modules. Sinceour primary concernis

the combinatorial information, we distill it into the faceposet of a cell complexand

adjust our terminology to resemble that of simplicial complexes.

De�nition 3.4 (Face Poset, Facet, Vertex, Dimension). Let X be a cell com-

plex. The face poset of X is the poset X̂ = (F ; � ) whereF is the set of cells of X

(along with the empty set) and where� is the facerelation of X .

The cells in X̂ are often referred to as faces, the maximal facesof X̂ are called

facets and the 0-cellsof X̂ are often called vertices. When a vertex v is a faceof F

then we write v 2 F instead of v � F .

Finally the dimensionof a faceF = � m
i is m and the dimensionof X is maxF 2 X̂ dim F .

If F = ; then its dimensionis � 1.

The faceposetof a cell complexcan have a more generalstructure than the face

poset of a simplicial complex. In particular, if F is an faceof a simplicial complex,

then by de�nition, each subsetof the verticesin F must correspond to a distinct face

on the simplicial complex. However, Example 3.2 shows a cell complexX whoseface

poset doesnot satisfy this condition; the vertices of � 2
1 are f � 0

1; � 0
2; � 0

3; � 0
4g while no

faceof X contains preciselythe verticesf � 0
1; � 0

2; � 0
3g.

Example 3.5. The following is a diagram of the face poset of the cell complex X

which appearedin Example 3.2.

1This is far from obvious. See[CF67, pp.29-30] for a discussion.
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X̂ :

;

� 0
1 � 0

2 � 0
3 � 0

4

� 1
1 � 1

2 � 1
3 � 1

4

� 2
1

A remarkable property ([Mas80, p.94]) of the faceposetof a cell complex is that

for any two facesE < G with dim G = dim E + 2 there are exactly two facesF; F 0

with E < F < G and E < F 0 < G. Clearly F and F 0 have dimensiondim E + 1.

Cell complexescan be equipped with incidencefunctions which allow us to com-

pute their homology. Their homologyis independent of which incidencefunction was

picked.

De�nition 3.6 (Incidence Function). An incidencefunction on a cell complexX

is a function " taking pairs of facesto valuesin f 0; 1; � 1g. It satis�es

1. "(F; E) 6= 0 if and only if E is a codimensionone faceof F ,

2. "(v; ; ) = 1 for all verticesv in X̂ , and

3. For any faceE of codimensiontwo in faceG, the two unique facesF and F 0 of

G containing E satisfy

"(G; F )"(F; E) + "(G; F 0)" (F 0; E) = 0:

All regularcell complexescanbegivenanorientation andevery orientation induces

an incidencefunction with the above properties. Consequently, an incidencefunction

on a given cell complexcan always be found. Also, for every incidencefunction there

is an orientation of the cell complexthat inducesit. For a moregeneralCW-complex,

a choiceof orientation givesan incidencefunction with weaker properties than those

above, but there is no result in the opposite direction. See[Mas80, pp.96-98,p.91]

for more details.
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Example 3.7. We can de�ne an incidence function on the cell complex X from

Example 3.2 as follows:

� �

��

"(� 1
1; � 0

1)

" (� 1
2; � 0

1)

" (� 1
3; � 0

4)

" (� 1
4 : � 0

4)" (� 1
4; � 0

3)

" (� 1
2; � 0

3)

" (� 1
3; � 0

2)

" (� 1
1; � 0

2)

" (� 2
1; � 1

2)

" (� 2
1; � 1

1)

" (� 2
1; � 1

4)

" (� 2
1; � 1

3) =

� �

��

� 1
1

1
� 11

� 1

� 1
1

1

1

1

1

De�nition 3.8 ((Augmen ted) Orien ted Chain Complex). Givena cell complex

X with dimensiond and incidencefunction ", its augmented chain complex (oriented

by ") is
~C� (X ) : 0 ! Cd

� d! Cd� 1 ! � � � ! C0
� 0! C� 1 ! 0

whereCi =
L

F 2 X̂
dim F = i

ZF is the free Z-module on the i -facesof X and � i extendsthe

following;

� i (F ) =
X

F 02 X̂
dim F 0= i � 1

"(F; F 0)F 0:

The chain complex C� (X ) (oriented by ") is the sameas the augmented chain

complexexceptwith C� 1 = 0 and � 0 = 0.

Thesechain complexescan alsobe taken with their valuesin �eld | ;

~C� (X ; | ) = ~C� (X ) 
 Z | and C� (X ; | ) = C� (X ) 
 Z | :

De�nition 3.9 ((Reduced) Cellular Homology). The cellular homology of cell

complexX with valuesin �eld | is the family of homologygroups

H i (X ; | ) = H i (C� (X ; | ))

= ker(� i 
 Z | )=im(� i +1 
 Z | )

of the complexC� (X ; | ). Similarly, the reducedcellular homologyof X with values

in | is the family ~H i (X ; | ) oneobtains from the homologyof ~C� (X ; | ).
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Example 3.10. Let X be the cell complexde�ned in Example 3.2. Then

C� (X ) : 0 ! Z � 2! Z4 � 1! Z4 ! 0

and ~C� (X ) : 0 ! Z � 2! Z4 � 1! Z4 � 0! Z ! 0

wherethe di�eren tial mapsare given by � 0 = [1 1 1 1], � 2 = [1 1 1 1]T and

� 1 =

2

6
6
6
6
6
4

1 0 0 � 1

0 � 1 1 0

� 1 1 0 0

0 0 � 1 1

3

7
7
7
7
7
5

:

3.2 Cellular Complexes and Cellular Resolutions

In this section S = | [x1; : : : ; xn ] is again a polynomial ring, but its variables will

not correspond to vertices of the cell complexeswe discuss. Rather, we wish to

considerco-Artinian monomial modules and identify their minimal monomialswith

the verticesof a cell complex. In this way, we can construct a labelled cell complex.

Beforecontinuing, take note that (Zn ; � ) is a posetwhen, for a; b 2 Zn , we de�ne

a � b to meanb � a 2 Nn . This structure can be carried over to make a posetof the

monomialsxa = xa1
1 : : : xan

n , a 2 Zn , of the Laurent polynomial ring | [x � 1
1 ; : : : ; x � 1

n ].

Also, recall that S = | [x] = | [x1; : : : ; xn ] is the polynomial ring in n variables.

De�nition 3.11 ((Co-Artinian) Monomial Mo dule). A monomial module is a

submoduleof the Laurent polynomial ring | [x � 1
1 ; : : : ; x � 1

n ], consideredasan S-module,

that is generatedby monomialsxa = xa1
1 � � � xan

n for a 2 Zn .

For a monomial module M , we usethe notation G(M ) for the set of monomials

in M that are minimal with respect to � .

A co-Artinian monomialmodule is onethat is generatedby its minimal monomials.

Example 3.12. First, all monomial ideals I � S are �nitely generatedco-Artinian

monomial modules.

Next considerthe submodule M of | [x � 1; y� 1] that is generatedby

G = f x � 1; y� 1; y� 2; y� 3; : : :g:
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The monomialsof M are f xayb j (a = � 1 and b � 0) or a � 0g and the only minimal

monomial in M is x � 1, but it doesnot generateM . Thus, M is not co-Artinian.

Finally, let M 0 be the module generatedby G0 = f xay� a j a 2 Zg. Sinceeach

pair of monomialsin G0 is incomparable,we have that G(M 0) = G0 and henceM is

co-Artinian, but not �nitely generated.

The following �gures depict the exponent vectorsof monomialsin M and M 0.
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M 0 :

Bayer and Sturmfels remark ([BS98]) that the condition of being co-Artinian is

equivalent to not having an in�nite decreasingsequenceof monomialsand alsoequiv-

alent to having a �nite number of monomialswith degreelessthan b, for any b 2 Zn .

De�nition 3.13 (Lab elled Cell Complex, Restriction). Let M be a monomial

module. A cell complex X labelled by M is a cell complex whosevertices are in

correspondencewith G(M ) and where each face is associated to the least common

multiple of its vertices. For notation, let mv = xav 2 G(M ) be the monomial for a

vertex of X while mF = xaF = lcmv2 F mv is the monomial associated to faceF .

Given a degreeb 2 Zn we can restrict our labelled cell complexX to X � b which

we de�ne as the complex on facesin degreelessthan or equal to b. Note that this

implies that X̂ � b = f F 2 X̂ j 8v 2 F; av � bg.

Example 3.14. We can label the cell complex in Example 3.2 by the generatorsof

I = (xy; yw; wz; xz).
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� �

��

xy

xz wz

yw

xyz

xyw

xwz

ywz

xywz

A cell complexX can always be labelled by a monomial module M when j G(M )j

is equal the number of vertices in X ; di�eren t facesmay be labelled by the same

monomial.

De�nition 3.15 (Cellular Complex). The cellular complex of a cell complex X

with dimensiond is the Zn gradedchain complexof S-modules,

FX : 0 ! Fd
� d! Fd� 1 ! � � � ! F1

� 1! F0
� 0! 0

whereFi =
L

F 2 X̂
dim F = i

S(� aF )F and � i is the homogeneousmap that extends

� i (F ) =
X

F 02 X̂
dim F 0= i � 1

"(F; F 0)
mF

mF 0
F 0

for F 2 X̂ of dimensioni .

The degreeb part of the i -th module of FX is
0

B
@

M

F 2 X̂
dim F = i

S(� aF )F

1

C
A

b

=
M

F 2 X̂
dim F = i

Sb � aF F �=
M

F 2 X̂
dim F = i
aF � b

| F = Ci (X � b ; | ):

As the di�eren tial also restricts, we have (FX )b = C� (X � b ; | ).

Prop osition 3.16 ([BS98 , p.125]). Let X be a cell complexthat is labelledby the

monomialmodule M . The cellular complexFX is a freeresolutionof M if and only if

X � b is acyclic2 over | for all degreesb. In this case,FX is calleda cellular resolution

of M .
2A cell complex X is acyclic if ~H i (X ) = 0 for all i � � 1.
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Proof. For FX to be a free resolution, it must be exact at each free module Fi with

i � 1 and the cokernel of map � 1 must be isomorphic to M .

SinceFX is a Zn -gradedcomplex,it is exactpreciselywhere(FX )b = C� (X � b ; | ) is

exact for each b. Also, using notation from the de�nition FX , coker� 1 = F0=im � 1 =

M ( ) (F0=im � 1)b = M b for each b 2 Zn . However,

(F0=im � 1)b = (ker� 0=im � 1)b

= ker((� 0)b )=im((� 1)b )

= H0(X � b ; | )

Thus � 1 has cokernel M exactly when H0(X � b ; | ) = M b for all b 2 Zn . As M b
�= |

when xb 2 M and is zero otherwise,we concludethat FX is a free resolution if and

only if

H i (X � b ; | ) �=

8
>>>><

>>>>:

0 i > 0

0 i = 0 and xb =2 M

| i = 0 and xb 2 M :

The in above casewherexb 2 M we have H0(X � b ; | ) �= | which is equivalent to

~H0(X � b ; | ) = ~H � 1(X � b ; | ) = 0:

This follows becausepassingto reducedhomologiesreplacesthe zero-th map C0 ! 0

in the chain complexof X � b with a rank onemap C0 ! | . Thus, the rank of zero-th

reducedhomology is one lessthan the rank of H0(X � b ; | ) �= | and hencezero. The

reverseholds becausexb 2 M implies that C� 1 is not zero in the augmented chain

complex.

Also, when xb =2 M , X̂ � b = ; and hence ~H � 1(X � b ; | ) = 0. So we seethat FX is

a free resolution if and only if all of the reducedhomologies ~H i (X � b ; | ) are zero for

each b or, in other words, X � b is acyclic.

Corollary 3.17 ([BS98 , p.125]). A cellular resolution FX is minimal if and only

if mF 6= mF 0 for any pair of facesF; F 0 in X where F 0 is contained in F and of

codimensionone.
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Proof. For FX to be minimal, the di�eren tial in FX must have im � i � mFi � 1 for each

i > 0. From the formula for � , this happens exactly when "(F; F 0) mF
mF 0

2 m for all

facesF and F 0 whereF 0 is of codimensionone in F . Since"(F; F 0) takesvalues� 1,

we have mF 6= mF 0.

Example 3.18 ([Jac04 , p.26]). Consider the monomial ideal I = (xy; yw; wz; zy)

from Example 3.14. It has the following minimal resolution;

F : 0 ! S ! S4 ! S4 ! I ! 0:

If we want to �nd a cell complexthat supports this minimal resolution of I , we need

to �nd a labeled complex with four vertices, four edgesand one face (of dimension

two). The only simplicial complexwith this structure is,

�

�

� ��:

Considerthe following two labellings of this simplicial complex.

�

�

� �

xy

yw

wz
xz

�

�

� �

xy

wz

yw
xz

In both cases,the subcomplex � � xy z is the two isolated vertices labelled by xy and

xz and which is not an acyclic subcomplex. Thus, for these two labellings, we see

that F� is not a resolution. It is easyto check that all other labellings are exactly

oneof the two casesabove up to somepermutation of the variablesor a re
ection of

the complex. Thus, the minimal resolution of I cannot be supported by a simplicial

complex.
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However, in Example 3.14we labelled a cell complexX with I in such a way that

all of its subcomplexesX � b were acyclic and no two facesshared the samelabel.

Thus, by our isomorphismtheoremfor minimal resolutions,F �= FX .

This simple exampleshows that cell complexessupport a strictly larger classof

minimal free resolutions than do simplicial complexes. One might wonder if the

minimal free resolutionsof all monomial ideals can be supported by a cell complex.

In [Vel06], Velascoshows that this is not the caseby constructing an exampleof a

monomial ideal with a minimal freeresolutionsupported on a CW-complexbut which

cannot be supported by a cell complex. Velascogoeson to construct an exampleof

a monomial ideal whoseminimal resolution cannot even be supported by a CW-

complex. Thesetwo idealsin questionare the nearly Scarf ideals(c.f. [Vel06]) of two

triangulated manifolds.

Though not every monomial module hasa cell complexthat supports its minimal

resolution, every co-Artinian monomial module does have the following (often non-

minimal) cellular resolution.

De�nition 3.19 (T aylor Complex). Let M be a co-Artinian monomial module

and let � be the simplicial complex

� = f F � G(M ) j jF j < 1g

with each vertex f mg 2 � labelled by m. The cellular resolution F� is called the

Taylor complex of M .

The Taylor complex is a resolution of M since every subcomplex � � b is the

induced subcomplex on the �nite set of vertices � b; they are simpliciesand hence

acyclic.

The Taylor complex is often expressedfor monomial ideals without the use of

an underlying complex (see[Eis95, p.444] for an outline of a proof that the Taylor

complex is a resolution that does not not use cell complexes). It was extended to

co-Artinian monomial modulesby Bayer and Sturmfels as above.

The Taylor complex of a monomial ideal is often used to provide observations

about where non-zero Betti numbers of the ideal occur ([BPS98, p.33], [GPW99,
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p.525],[Jac04, p.26]). Like all resolutions,the Taylor complex is the direct sum of a

minimal resolution with an acyclic complex (Theorem 1.23). Thus the rank of the

free modules in the Taylor complexof monomial ideal I must bound the total Betti

numbersof I . However, this bound alsopreservesgrading; � i; b (I ) is lessthan or equal

to the number of copiesof S(� b) in the i -th freemodulesof the Taylor complexof I .

The free modules in the Taylor complexhave the form

Fi =
M

F �G (I )
jF j= i +1

S(� aF )F

wherexaF = lcmm2 F m. Thus, if xb cannot be written as the least commonmultiple

of i + 1 monomial generatorsof I then � i; b (I ) = 0. This provesthe following result

about the indicesof nonzeroBetti numbers.

Prop osition 3.20. Let I � S is monomial ideal and �x any i 2 N and b 2 Nn . If

� i; b (I ) 6= 0 then there is somesubsetA � G(I ) of sizei + 1 with lcmm2 A m = xb .

3.3 Polyhedra and Polytop es

We now introduce the basic terminology of convex sets,polytopesand polyhedra so

that we can apply it in the next sectionwherewe construct cell complexesfrom the

facesof convex sets.

De�nition 3.21 (Con vex Set, Convex Hull). A set K � Rn is called convex if

for every a; b 2 K , the line segment f � a + (1 � � )b j 0 � � � 1g is a subsetof K .

The convex hull of a set K � Rn , denoted conv(K ), is the smallest convex set

containing K . Its elements can be de�ned explicitly using baricentric co-ordinates;

conv(K ) = f
mX

i =1

� i ai j f a1; : : : ; amg � K ; � i � 0;
mX

i =1

� i = 1g

A halfspace H (a; c) is a subsetof Rn that is de�ned by

H (a; c) = f x 2 Rn j a � x � cg

for somea 2 Rn and c 2 R.



60

Let K � H (a; c) be a convex set contained in a halfspaceand let

_H (a; c) = f x 2 Rn j a � x = cg

be the hyperplaneon the boundary of H (a; c). Then _H \ K is called a face of K .

De�nition 3.22 (P olytop e, Polyhedron). A polytope is any set K � Rn that can

be realizedasthe convex hull of a �nite setof points; i.e. there existsa1; : : : ; am 2 Rn

with K = convf a1; : : : ; amg. Equivalently, a polytope is any boundedintersectionof

a �nite number of halfspaces([Zie94, p.29]).

A polyhedron is any subsetof Rn that is the intersection of a �nite number of

halfspaces.Thus, the di�erence betweenpolytopesand polyhedra is that polyhedra

neednot be bounded.

Convex setscan often be made into cell complexesby using their facesto de�ne

the cells. The poset of facesof a convex set then becomesthe face poset of the

cell complex. The reader may wish to refer to Chapter 2 of [Zie94] for a thorough

treatment of the facelattice of polytopes.

3.4 Hull Resolutions and Scarf Complexes

In this sectionwe discussa resolutioncalledthe hull resolution for co-Artinian mono-

mial modulesintroducedby Bayer and Sturmfels in [BS98]. Their construction is the

cellular resolution of the facesof a convex set Pt in Rn .

De�nition 3.23. Let M be a co-Artinian monomial module over a polynomial ring

in n variables. Take a real number t > 1 and let ta = (ta1 ; ta2 ; : : : ; tan ) for a =

(a1; : : : ; an ) 2 Zn . Then we de�ne Pt � Rn as

Pt = convf ta 2 Rn j a 2 Zn and xa 2 M g:

Clearly Pt is an unboundedconvex set if M is non-trivial. By the following lemma,

we see that if j G(M )j < 1 then Pt is also a topologically closed n-dimensional

polyhedron.
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Lemma 3.24 ([BS98 , p.129], [MS04 , p.72]). Let Rn
� 0 be the set of vectorsin Rn

with no negative coordinates. Then

Pt = Rn
� 0 + convf ta j xa 2 G(M )g:

where+ is the Minkowski sum (A + B = f a + b j a 2 A; b 2 Bg).

The convex set Pt hassomeremarkable properties ([BS98,p.130]):

1. the verticesof Pt are f ta j xa 2 G(M )g and

2. the faceposetof Pt is independent of the choiceof t for t > (n + 1)!.

De�nition 3.25 (Hull Complex). Let hull(M ) be the cell complex of bounded

facesof Pt , for somet > (n + 1)!, where the vertices va = ta are labelled by the

generatorsxa of M . We call hull(M ) the hull complex of M .

Theorem 3.26 ([BS98 , p.131], [MS04, pp.73-74]). Given a co-Artinian mono-

mial module M , the cellular complexFhull( M ) is a free resolution of M .

Proof. We want to show that hull(M ) � b is contractible for each b 2 Zn and apply

Proposition 3.16 to prove that Fhull( M ) is a free resolution.

First, �x somet > (n+ 1)! and considerhull(M ) asthe boundedfacesof Pt . Next,

�x b 2 Zn and observe that for any a 2 Zn ,

ta � t � b = n if a = b;

ta � t � b < tb � t � b = n if a < b, and

ta � t � b =
nX

i =1

tai � bi � t > n if a 6� b:

Let H be the closedhalfspace

H = H (t � b ; n) = f v 2 Rn j v � t � b � ng

and let _H = f v 2 Rn j v � t � b = ng be the hyperplaneon the boundary of H .

Under thesede�nitions, we concludethat

ta 2 H ( ) a � b and

ta 2 _H ( ) a = b:
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Recall that the vertices v of Pt are points of the form v = ta with xa 2 G(M ).

By de�nition hull(M ) � b is the set of boundedfacesof Pt with labels � b. Thus, the

verticesv of hull(M ) � b are of the form v = ta 2 H with xa 2 G(M ). Consequently,

each face of hull(M ) � b , being the convex hull of its vertices, is contained in the

halfspaceH .

If any vertex of hull(M ) � b is on _H then that vertex must be tb . In this case,if

hull(M ) � b contains another vertex ta then ta 2 H =) a � b. However, xa and

xb are minimal monomials of M and hencea = b. In summary, if any vertex of

hull(M ) � b is on _H then hull(M ) � b is the singlepoint tb and hencecontractible.

Therefore, we may assumethat that no vertices of hull(M ) � b are on _H . The

intersectionX = Pt \ H is a polytope and, when X is not empty, F = Pt \ _H is one

of its faces.All the verticesof hull(M ) � b are on X but, by our assumption,they are

not on F . Thus, all the facesof hull(M ) � b are on X while the other facesof X are

thoseadjacent to F (or F itself).

That is to say, hull(M ) � b is obtained from X by removing all facesadjacent to F

and F itself. Sincethe boundaryof a polytope is homeomorphicto a sphere,removing

thesefacesfrom X leavesa contractible cell complex | namely hull(M ) � b ([MS04,

p.73]).

Consequently, hull(M ) � b is acyclic for each b 2 Zn and so Fhull( M ) is a free

resolution of M .

Example 3.27. Let I = (x3; x2y; xy2; y3) � | [x; y] and so

G(I ) = f xai j i 2 f 1; 2; 3; 4g; ai = (4 � i; i � 1)g:

Fix t = 10 > (n + 1)! where n = 2 is the number of variables in our ring. Thus,

the verticesof Pt are tai = (104� i ; 10i � 1). The boundedfaceson Pt form hull( I ) and

if we let b = (2; 2) then hull( I ) � b is a collection of faceson Pt \ H where H is the

halfspacebelow the line _H = f (x; y) 2 R2 j 10� 2x + 10� 2y = 2g.
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There are four vertices and three edgeson hull( I ) all of which have distinct labels,

and henceFhull( I ) is a minimal free resolution of I ;

Fhull (I ) : 0 ! | [x; y]3 ! | [x; y]4 ! I ! 0:

De�nition 3.28 (Hull Resolution). For a co-Artinian module M , we call Fhull( M )

the hull resolution of M .

Of course,the hull resolution is not always minimal, but sincethe hull resolution

is a cellular resolution we can useCorollary 3.17 as our criterion for minimalit y. In

Corollary 3.34 a classof monomial modules with minimal hull resolutions will be

given.

But �rst we introduceanother cell complex,called the Scarf complex,which was

introducedby the economistHerbert Scarf and usedby Bayer, Peeva and Sturmfels

to support resolutionsof monomial ideals([BPS98]). Bayer and Sturmfelsusea more

general de�nition, given below, for the Scarf complex of a co-Artinian monomial

module.

De�nition 3.29 (Scarf Complex [BPS98 , p.32] [BS98 , p.131]). Given a co-

Artinian monomial module M , let � be the (not necessarily�nite) simplex

� = f F � G(M ) j jF j < 1g :

The verticesof � are singleton setsof the form v = f x ag wherexa 2 G(M ). Label

each vertex v by its monomial mv = xa and label each face F 2 � by the least

commonmultiple of the verticesin F ; mF = lcmv2 F mv = lcmF .



64

The Scarf complex of M is the (not necessarily�nite) simplicial complex

� M = f F 2 � j 8G 2 � n f F g; mF 6= mGg:

The readermay want to refer to Example3.35. Next we do the simpleveri�cation

that the Scarf complex is a simplicial complex.

Prop osition 3.30. Let M be a co-Artinian monomial module with Scarf complex

� M . Given F 2 � M , any subsetof F is also in � M .

Proof. Let � be the simplexdescribed in the de�nition of the ScarfComplex. Assume

that there is F 0 � F with mF 0 = mG for someG 2 �. Then

mG[ (F nF 0) = lcm(G [ (F n F 0))

= lcm(lcm(G); lcm(F n F 0))

= lcm(lcm(F 0); lcm(F n F 0))

= lcm(F )

= mF ;

usingF 0 � F for the last equality. As F 2 � M we canconcludethat F = G[ (F nF 0)

and henceF 0 � G � F .

Now using this containment,

mF 0[ (F nG) = lcm(F 0 [ (F n G))

= lcm(lcm F 0; lcm(F n G))

= lcm(lcm G; lcm(F n G))

= lcm(F )

= mF :

As in the previousargument, we have F = F 0[ (F nG) and henceG � F 0. Therefore

G = F 0 and F 0 2 � M as G was arbitrary.

Though the Scarf complex is a subcomplex of the simplex used in the Taylor

complex,it is not the casethat its cellular chain complexis a closerapproximation to

the minimal resolutionM . In fact, the minimal resolutionof M contains F� M and so,
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whenever the Scarfcomplexyields a resolution, it is automatically minimal ([BPS98,

p.33]). This canalsobe justi�ed by Corollary 3.17;whenF� M is a resolution then the

de�nition of � M ensuresthat the label on each faceof � M is not only unique among

the facesof the Taylor's simplex, but also unique in the subsetof Taylor's simplex

that forms the Scarf complexof M .

Recall that the �rst module of syzygiesof a module M is ker(d0) whered0 is the

�rst di�eren tial map in a minimal free resolution of M ;

F : � � � ! F1
d1! F0

d0! M ! 0:

Let M be a co-Artinian monomial module generatedby G(M ) = f m i gi 2 A where

mi = xai . Then ker(d0) can be generatedby

�
lcm(mi ; mj )

mi
ei �

lcm(mi ; mj )
mj

ej j i; j 2 A
�

;

whered0(ei ) = mi and F0 =
L

i 2 A S(� ai )ei . This generatingset is often not minimal.

We give the notation

Z i;j =
lcm(mi ; mj )

mi
ei �

lcm(mi ; mj )
mj

ej

to each of thesegeneratorsand, like all elements of ker(d0), call them syzygiesof M .

Note that each Z i;j is homogeneouswith the degreeof lcm(mi ; mj ).

De�nition 3.31 (Generic Monomial Mo dules). A pair of monomialsx a; xb with

a; b 2 Zn is said to be generic if a � b is only zero in coordinateswherea and b are

already zero.

If M is a co-Artinian monomial module generatedby G(M ) = f m i j i 2 Ag then

syzygiesof the form Z i;j , as de�ned above, are called generic if the pair mi ; mj is

generic.

Further, M is said to be genericif its �rst module of syzygiescan be generated

by somesubset

G � f Z i;j j i; j 2 A; Z i;j genericg:

If every pair of generatorsmi ; mj is genericthen M is said to be strongly generic.
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Clearly any strongly genericmodule is also generic. In [BPS98, p.31], they use

the term genericideal to meanstrongly genericasabove. Our de�nition of a generic

module is given in [BS98] and is equivalent to the de�nition of generic in [MS04,

p.109] | this is the next result. The de�nition of strongly generic in [MS04, p.50]

matchesthe oneabove.

Prop osition 3.32. Let M be a co-Artinian monomial module. The module M

is generic if and only if for every non-genericpair mi ; mj 2 G(M ) there is mk 2

G(M ) with mk jx � 1 lcm(mi ; mj ) for every variable x of non-zerodegreeappearing in

lcm(mi ; mj ).

Proof. We provide only an outline for this proof. The forward direction is Lemma2.7

in [BS98] while the converseis the proof that edgesin the Buchbergergraph generate

the �rst module of syzygies(see[MS04, p.48] for the de�nition of the Buchberger

graph and the proof). In this case,the edgesof the Buchbergergraph correspond to

the genericsyzygies.

Theorem 3.33 ([BS98 , p.132]). For any co-Artinian monomial module M , the

Scarf complex � M is contained in hull(M ) and if M is genericthen � M = hull(M ).

Consequently, for all monomial modules F� M is a subcomplex of Fhull( M ) and for

genericmoduleswe have equality.

Corollary 3.34 ([BS98 , p.132]). If M is a genericmonomial module then the hull

resolution Fhull( M ) is minimal.

Proof. For genericmodules, Fhull( M ) = F� M . The former is always a resolution and

the latter is a minimal resolution when it is a resolution, giving the result.

Example 3.35. Considerthe ideal I = (xy2; x2y; yz2; y2z) � | [x; y; z]. This ideal is

not genericand has the Scarf complex� I and hull complexas shown below:
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� �

��

xy2 x2y

yz2y2z

xy2z x2yz2

x2y2

y2z2

� I

� �

��

xy2 x2y

yz2y2z

xy2z x2yz2

x2y2

y2z2

x2y2z2

hull( I )

Clearly, asthe Scarfcomplexis a cycle,F� I is not a resolutionof I by Proposition

3.16. The cell complexhull(I ) � b as b rangesover Zn is oneof

� �

��

, �

��

, � �

�

,

or a single edgeor vertex of hull( I ) and from Theorem 3.26 and Theorem 3.16 we

knewin advancethat thesewould beacyclic. The cellular resolutionFhull( I ) is minimal

as each label of hull( I ) is unique.

Fhull( I ) : 0 ! S(� 6) ! S(� 5) � S(� 4)3 ! S(� 3)4 ! I ! 0:

It is clear the dimensionof each face of a labelled cell complex is lessthan the

number of verticesit contains. Consequently, if we have a cell complexwith vertices

labelled by the generatorsof M then each faceof the complexmust have dimension

lessthan j G(M )j | the number of vertices in the complex. This placesa bound on

the dimensionof the cell complexand hence,if the cell complexsupports a resolution

of M , this becomesa bound on the projective dimensionM .

In the particular caseof the hull complex, Develin ([Dev04]) usedcombinatorial

methods to bound the number of verticesin each faceof hull(M ) in a way that does

not dependon the number of generatorsof M ; each facehasat most n! verticeswhere

n is the number of variables. This ensuresthat the hull complexhasa �nite structure,

but is too large to be usedas a bound on projective dimension.



Chapter 4

Polarization and lcm-Lattices

This chapter is devoted to relating the Betti numbers of similar monomial ideals |

namely ideals with isomorphic lattices built from their generators. These lattices,

called lcm-lattices, have been studied by Gasharov, Peeva and Welker ([GPW99]).

Their paper contains a Hochster-style formula that determines�nely graded Betti

numbers from the poset structure of the lcm-lattice. It is derived from a formula by

Bruns and Herzog for a�ne semigroupalgebras([BH97]). The paper by Gasharov

et al. also contains a much more general result that takes a minimal free graded

resolution of an ideal and relabels it to obtain a free graded resolution of another

monomial ideal with similar lcm-structure.

An important application of theseresults is to polarization which is a processthat

takesa monomial ideal and transforms it into a square-freemonomial ideal. Polar-

ization preserves the isomorphism classof the ideal's lcm-lattice and consequently

there is a relationship between the Betti numbers of a monomial ideal and its po-

larization. The relabelling processin [GPW99] shows that the Betti numbers are

simply permuted in degree.Thus, questionsabout the resolutionsand Betti numbers

of arbitrary monomial ideals can be reduced to questionsabout the resolutions of

square-freemonomial ideals.

In the �rst section of this chapter, polarization is introduced along with graded

versionsof the results by Fr•oberg ([Fr•o82]). Thesegraded results are original work

that account for the e�ect of polarization on Betti numbers using only standard

algebraic techniques. The following section describes the results Gasharov, Peeva

and Welker and appliesthem to polarization to yield agreeingresults.

Thesetwo sectionswill usesomenotation de�ned here:

� For an integer a, we let [a] = f 0; 1; : : : ; ag which deviatesslightly from conven-

tion by including zero.
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� Let 0a be a zerovector of length a and similarly let 1a be the vector of length a

with onein every entry. The exponent may be omitted when its length is clear

from the context.

� By two adjacent symbols of the form above, we denoteconcatenationand the

dot is reserved for dot-product. For example,0a0b = 0a+ b and 1a � 1a = a.

� Finally, we useexponentiation of a set for repeatedcartesianproduct;

f 0; 1g3 = f 0; 1g � f 0; 1g � f 0; 1g:

Recall, oncemore, that we useS = | [x] = | [x1; : : : ; xn ] for the polynomial ring

in the n variablesx = f x1; : : : ; xng.

We will also make use of regular sequencesto relate monomial ideals to their

polarizations.

De�nition 4.1 (Regular Sequence). Given a commutativ e ring R with identit y

and R-module M , we say that r 2 R is M -regular if for all m 2 M , rm = 0 =)

m = 0. That is, r is M -regular if is not a zero-divisorof M .

A sequencer1; : : : ; r k of element in R is said to be an M -regular sequenceif r i is

M =(r1; : : : ; r i � 1)M -regular for each i 2 f 1; : : : ; kg and M =(r 1; : : : ; r k)M 6= 0.

For example,if we view S = | [x1; : : : ; xn ] as module over itself then x1; : : : ; xn is

an S-regular sequenceas x i is a non-zerodivisor of S=(x1; : : : ; x i � 1) �= | [x i ; : : : ; xn ]

and S=(x1; : : : ; xn ) �= | .

Lemma 4.2. If F =
L m

i=1 Sei is a free S-module and r 1; : : : ; r k is an S-regular

sequencethen r 1; : : : ; r k is alsoan F -regular sequence.

Proof. First, observethat F=(r 1; : : : ; r i )F =
L m

i=1 (S=(r1; : : : ; r i )) ei . andany element

f 2 F=(r 1; : : : ; r i )F can be written as f =
P m

i=1 si ei with si 2 S=(r1; : : : ; r i ).

If we assumethat f r i = 0 then sj r i = 0 for each j = 1; : : : ; m and henceeach

sj is zeroas r1; : : : ; r k is an S-regular sequence.Thus, f = 0 which provesthat r i is

F -regular.

It is also clear that S=(r 1; : : : ; r k) 6= 0, as r 1; : : : ; r k is an S-regular sequenceand

henceF=(r 1; : : : ; r k)F 6= 0. Therefore,r 1; : : : ; r k is an F -regular sequence.

This lemma will be usedin Theorem4.9.
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4.1 Polarization

As previously mentioned, polarization is a processthat takesa monomial ideal and

transformsit into a square-freemonomial ideal. Also, the original ideal can be recon-

structed from the polarized ideal through a regular sequence.Many characteristics

of the original ideal are preserved by polarization, however our main focus is how

polarization a�ects resolutions. A more comprehensive treatment can be found in

[Far05].

Polarization can be described quite simply; take a monomial m = xa1
1 xa2

2 � � � xan
n 2

| [x1; : : : ; xn ] and sendit to a new monomial

� (m) =
nY

i =1

aiY

j =1

x i;j

= x1;1x1;2 � � � x1;a1 x2;1x2;2 � � � x2;a2 � � � xn;1 � � � xn;an

in the polynomial ring over variables x i;j with 1 � i � n and 1 � j � ai . The

polarization of an ideal I is the ideal generatedby f � (m)gm2G(I ) inside a polynomial

ring with su�cien tly many variables. However, in the proofs that follow, we want to

carefully expressdi�eren t gradingson the new polynomial ring. For this purpose,we

describe a map betweendegreesand then de�ne polarization in terms of this map.

Given integersl1; : : : ; ln and n0 =
P n

i=1 l i , we de�ne

� : [l1] � [l2] � � � � � [ln ] ! f 0; 1gn0

(a1; a2; : : : ; an ) 7! 1a1 0l1 � a1 1a2 0l2 � a2 : : : 1an 0ln � an

which takes n integers,writes them in unary, pads them with zerosand then con-

catenatestheir vectors. Clearly � is always injective | later we construct its left

inverse� | while � is only surjective when each l i equalsone. As n0 is partitioned

by the l i it is natural to de�ne standard unit vectors ei;j 2 f 0; 1gn0
with 1 � i � n

and 1 � j � l i . More precisely, ei;j = (0; : : : ; 0; 1; 0; : : : ; 0) where the 1 occurs in the

(
P i � 1

k=1 lk + j )-th coordinate of this vector of length n0.

Thus, our de�nition of � becomes

� (a1; : : : ; an ) =
nX

i =1

aiX

j =1

ei;j
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wherewe assumethe convention that empty sumsare 0n0
.

Given a monomial x (b1 ;:::;bn ) = xb1
1 xb2

2 � � � xbn
n with bi � l i for each i , we can de�ne

the polarization of the monomial to be

� (x (b1 ;:::;bn )) = x � (b1 ;:::;bn )

where

x = f x i;j j 1 � i � n; 1 � j � l i g

and xei;j = x i;j . So clearly � now acts as in our preliminary de�nition of the polar-

ization of a monomial.

Example 4.3. Given (l1; l2; l3) = (2; 3; 1), we construct the map

� : f 0; 1; 2g � f 0; 1; 2; 3g � f 0; 1g ! f 0; 1g6:

The following shows a few examplesof � acting on vectorsand monomials:

� (0; 0; 0) = (0; 0; 0; 0; 0; 0) � (1) = 1

� (1; 1; 1) = (1; 0; 1; 0; 0; 1) � (x1x2x3) = x1;1x2;1x3;1

� (1; 2; 0) = (1; 0; 1; 1; 0; 0) � (x1x2
2) = x1;1x2;1x2;2

� (2; 3; 1) = (1; 1; 1; 1; 1; 1) � (x2
1x3

2x3) = x1;1x1;2x2;1x2;2x2;3x3;1:

De�nition 4.4 (P olarization of an Ideal and Ring). Let I be a monomial ideal

in S = | [x1; : : : ; xn ]. We de�ne l1; : : : ; ln to satisfy,

x (l1 ;:::;ln ) = lcm(G(I ) [ f x1x2 � � � xng)

so that for every monomial generatorx (b1 ;:::;bn ) 2 G(I ), we have l i � max(bi ; 1) for all

i . Also, set n0 =
P n

i=1 l i .

The polarization of I is the ideal

I pol = (x � (b ) j xb 2 G(I ))

contained inside of Spol = | [x] = | [x i;j j 1 � i � n; 1 � j � l i ]. Note that Spol

dependson the ideal being polarized.
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A polarization is equipped with an inclusion of rings � : S ! Spol that maps

x i 7! x i; 1 and a sequenceof linear forms

r = (x i; 1 � x i;j j 1 � i � n; 2 � j � l i )

= (x1;1 � x1;2; x1;1 � x1;3; : : : ; x1;1 � x1;l1 ;

x2;1 � x2;2; x2;1 � x2;3; : : : ; x2;1 � x2;l2 ;

: : : ;

xn;1 � xn;2; xn;1 � xn;3; � � � ; xn;1 � xn;l n ):

These forms identify variables so that the composition of injection and projection,

S ! Spol ! Spol=(r ), is an isomorphismof rings.

Clearly the polarized ring Spol hasa �ne grading, i.e. Nn0
-grading, wherex i;j has

degreeei;j . However, we also give Spol an Nn -grading by assigningto each x i;j the

unit vector weight ei 2 Nn . Under this grading (r ) is a homogeneousideal as is I pol.

Further, the aforementioned isomorphismS ! Spol=(r ) is a homogeneousmap under

this grading.

Example 4.5. Let S = | [x1; x2; x3; x4] and I = (x3
1x3; x2

2; x1x2x3). Then in the

notation above, (l1; l2; l3; l4) = (3; 2; 1; 1) and n0 = 7. The polarization of I is the

ideal

I pol = (x1;1x1;2x1;3x3;1; x2;1x2;2; x1;1x2;1x3;1)

� Spol = | [x1;1; x1;2; x1;3; x2;1; x2;2; x3;1; x4;1]

Herewe have r = (x1;1 � x1;2; x1;1 � x1;3; x2;1 � x2;2). Note that S=I �= Spol=(I pol + (r ))

by the natural map induced by � : S ! Spol.

The Nn graded degreeof x1;1x1;2x1;3x3;1 2 Spol is e1 + e1 + e1 + e3 = (3; 0; 1; 0).

Similarly, the Nn gradeddegreesof x2;1x2;2 andx1;1x2;1x3;1 are(0; 2; 0; 0) and (1; 1; 1; 0)

respectively. TheseNn degreesfor the generatorsof I pol coincidewith the degreesof

the generatorsof I .

Prop osition 4.6. Let I � S be a monomial ideal and let I pol � Spol be the polariza-

tion of I . Then the natural map

� : S=I ! Spol=(I pol + (r ))
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induced from � : S ! Spol is an isomorphismof Nn -gradedS-algebras.

Proof. The polarization of a monomial ideal can be realized through an iterativ e

processthat takesn0 � n steps([Fr•o82, p.31]). We start by relabelling the variables

of S to obtain S0 = | [x1;1; x2;1; : : : ; xn;1]. Consequently, we can considerI 0, the ideal

obtained from I by substituting x i; 1 for x i in its list of generators. On each step t

(with 1 � t � n0� n), we adjoin onemorevariable of Spol to St � 1 sothat Sn0� n = Spol.

Variablesare addedin lexicographicorder basedon their indicesand, sincewe start

from S0, wedo not needto add any variablesof the form x i; 1. In the previousexample,

the order would be x1;2; x1;3; x2;2. Sincewe are adjoining a variable to St � 1 to obtain

St , there is a canonicalinclusion � t : St � 1 ! St .

On step t we alsoconstruct a new ideal I t � St and a sequenceof linear binomial

forms r t . Assumethat on step t that x i;j is the next variable to add to St � 1; St =

St � 1[x i;j ]. Order the generatorsof I t � 1 so that the �rst s monomialsare divisible by

x2
i; 1 and the remaining monomialsdo not contain more than one factor of x i; 1. That

is,

I t � 1 = (x2
i; 1f 0

1; : : : ; x2
i; 1f 0

s; f s+1 ; : : : ; f m )

wheref f kgm
k=1 generateI t � 1 and f 0

k = f k=x2
i; 1 is a monomial. Next, de�ne the partial

polarization of I t � 1 to be the ideal I t � St = St � 1[x i;j ] given by

I t = (x i; 1x i;j f 0
1; : : : ; x i; 1x i;j f 0

s; f s+1 ; : : : ; f m ):

We obtain the sequenceof binomials r t from r t � 1 by appending x i; 1 � x i;j ; thus,

r t is the �rst t terms of r = r n0� n .

Clearly the natural map ~� t : St � 1 ! St=(x i; 1 � x i;j ) is an isomorphismof rings

which sendsthe generatorsof I t � 1 to the generatorsof I t . Consequently,

� t : St � 1=(I t � 1 + (r t � 1)) ! St=(I t + (r t ))

is also an isomorphismof rings. If we assignweights to St exactly as was done to

Spol, then each St becomesNn -graded and � t is homogeneous.As I t + (r t ) is also

homogeneous,we know � t is an isomorphismof Nn -gradedrings.



74

If we let �0 : S ! S0 be the relabelling isomorphismthat sendsx i 7! x i; 1, then

� = �n0� n � � � � � �0 : S ! Spol and

� = �n0� n � � � � � �0 : S=I ! Spol=Ipol + (r ):

As each � t is an isomorphismof Nn -gradedrings, it follows that their composition � is

alsoa homogeneousisomorphism. SinceSpol=Ipol is an S-algebrathrough the action

of � : S ! Spol, it is easyto seethat � is an S-algebraisomorphism.

Lemma 4.7. Let (R; m) be a Noetherian *local ring and M be a �nite graded R-

module. If x1; : : : ; xn 2 m is an M -regular sequenceof homogeneouselements then

any permutation of x1; : : : ; xn is alsoan M -regular sequence.

Proof. Bruns and Herzog prove this fact for �nite modules over Noetherian local

rings ([BH98, p.5]). Their proof, which requiresNakayama's Lemma, translates ver-

batim into a proof for �nite modules over *local rings. The appropriate version of

Nakayama's Lemma can be found in Exercise1.5.24aof [BH98, p.39].

Prop osition 4.8 ([F r•o82, p.31]). Let I � S be a monomial ideal and let I pol � Spol

be the polarization of I . Write the sequenceof relations r as (r 1; : : : ; r n0� n ). Then

r = (r1; : : : ; r n0� n ) is an Spol=Ipol-regular sequenceof degreeone forms.

Proof. By the previous lemma, it is su�cien t to prove that r rev = (rn0� n ; : : : ; r 1) is a

regular sequencebecauseSpol is a Noetherian *local ring under the N-grading.

By de�nition, r rev is an Spol=Ipol-regular sequencewhen r t is a non zero-divisorof

Spol=(I pol + (rn0� n ; rn0� n� 1; : : : ; r t+1 )). However, from the proof of Proposition 4.6, we

can compose~�n0� n ; : : : ; ~� t+1 to obtain an isomorphism,

St
�= Spol=(I pol + (rn0� n ; : : : ; r t+1 )) ;

that sendsthe generatorsof I t to the generatorsof I pol (as an ideal in the quotient

Spol=(rn0� n ; : : : ; r t+1 )). Thus,

St=I t
�= Spol=(I pol + (rn0� n ; : : : ; r t+1 )) :

So, it su�ces to show that r t is St=I t -regular for t 2 f 1; : : : ; n0 � ng. We will show

that r1 is S1=I1-regular and the other stepsfollow similarly.
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Assumewithout lossof generality that r 1 = x1;1 � x1;2 and order the monomial

generatorsof I sothe �rst s generatorsaredivisible by x2
1 while the �rst t aredivisible

by x1 and the the remainderare not. Similarly order I 1 so the �rst s are divisible by

x1;2 and the �rst t are divisible by x1;1. That is,

I = (x2
1f 1; : : : ; x2

1f s; x1f s+1 ; : : : ; x1f t ; f t+1 ; : : : ; f k)

and

I 1 = (x1;1x1;2f 1; : : : ; x1;1x1;2f s; x1;1f s+1 ; : : : ; x1;1f t ; f t+1 ; : : : ; f k):

For p 2 S1, we assumep(x1;1 � x1;2) 2 I 1 and want to show that p 2 I 1. We �rst

prove that x1;1p 2 I 1 and x1;2p 2 I 1 by showing that each monomial summandof p is

pushedby x1;2 into I 1 (i.e. px1;2 2 I 1).

If there are monomialsappearing in p that are not pushedby x1;2 into I 1, then

take such a monomial | m such that x1;2m =2 I 1 | with greatestlexicographicorder.

Now sincep(x1;1 � x1;2) 2 I 1, which is an Nn0
-graded ideal, each homogeneousterm

of p(x1;1 � x1;2) must be in I 1. In particular, since� x1;2m appears in � x1;2p but is

not in I 1, x1;2m must appear in x1;1p to cancelit.

Thus, x1;1 divides m and x1;2m=x1;1 is a monomial in p. Also, sincex1;2m =2 I 1

and x1;2 appearsonly in degreeone in the generatorsof I 1, we seethat x2
1;2m =2 I 1

and consequently x2
1;2m=x1;1 =2 I 1. However this is a contradiction to our choice

of m sincex1;2 does not push x1;2m=x1;1 into I 1 and x1;2m=x1;1 is lexicographically

greater than m. Thus, each term of p is pushedinto I 1 by x1;2 and so x1;2p 2 I . As

p(x1;1 � x1;2) 2 I 1 we alsohave that x1;1p 2 I 1.

Now to show that p 2 I 1, we again look at the monomial terms of p and show

they are in I 1. If m is now an arbitrary monomial appearing in p with m =2 I 1, then

sincex1;1m 2 I 1 we have that

m 2 (x1;2f 1; : : : ; x1;2f s; f s+1 ; : : : ; f k):

Also, x1;2m 2 I 1 gives

m 2 (x1;1f 1; : : : ; x1;1f t ; f t+1 ; : : : ; f k):

The intersection of these two ideals is I 1 which contradicts our choice of m as a

monomial of p that is not in I 1. Therefore, all monomialsappearing in p are in I 1

and hencep 2 I 1.
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Theorem 4.9. Let I be a monomial ideal in a polynomial ring in n variableswith

polarization I pol. Then for all i 2 N and b 2 Nn ,

� i; b (I ) = � i; b (I pol)

whereI pol is given the Nn -grading in the de�nition of polarization.

Proof. The minimal Nn -gradedfree resolution of Spol=Ipol is

F : 0 ! Fd ! � � � ! F1 ! Spol ! Spol=Ipol ! 0

whereFi =
L

b2 Nn Spol(� b) � i; b .

By the previousproposition, r is an Spol=Ipol-regular sequence.SinceSpol=(r t � 1)

is isomorphic to a polynomial ring, it is also a domain and hencethe t-th form of r

is a non zero-divisorof Spol=(r t � 1). Thus r is also a regular Spol-sequenceand hence

a regular sequenceover any free Spol-module by Lemma 4.2. Hence,by [BH98, p.5],

the tensoredresolution F0 = F 
 Sp ol Spol=(r ) is exact.

As Spol=(r ) is an Nn -gradedmodule, tensoring respects the grading;

F0 : 0 ! F 0
d ! � � � ! F 0

1 ! Spol=(r ) ! Spol=(I pol + (r )) ! 0

is a gradedcomplexwith

F 0
i = Fi 
 Sp ol Spol=(r )

=
M

b2 Nn

(Spol=(r ))( � b) � i; b :

The inclusion � : S ! Spol makesSpol into an S-algebraand consequently, every

Spol-module is alsoan S-module. Thus, F0 canbe seenasan exact sequenceof graded

S-modules. Further, sinceSpol=(r ) is isomorphic to S as an S-module each F 0
i is a

free S-module and henceF0 is a gradedfree resolution of Spol=(I pol + (r )) �= S=I .

As F is minimal, the di�eren tial satis�es � i (Fi ) � mFi � 1 wherem is the maximal

ideal of Spol. The imageof the tensoredmap is

im(� i 
 Sp ol idSp ol =(r )) = � i (Fi ) 
 Sp ol Spol=(r )

� mFi � 1 
 Sp ol Spol=(r )
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as a subsetof Fi � 1 
 Sp ol Spol=(r ). However,

mFi � 1 
 Sp ol Spol=(r ) �= mFi � 1=(r )Fi � 1

= m=(r ) (Fi � 1=(r )Fi � 1)

= �(m) (Fi � 1=(r )Fi � 1)

= mF 0
i � 1:

Hence,F0 is the minimal resolution of Spol=(I pol + (r )) �= S=I .

Sincethe ranks of the free modules in F and F0 are the same,we concludethat

the Nn -gradedBetti numbersS=I and Spol=Ipol are equal.

Given a monomial xa 2 Spol, its exponent vector a can be expressedas a =
P n

i=1

P l i
j =1 ai;j ei;j for ai;j 2 N. The Nn -degreeof xa is then

P n
i=1

� P l i
j =1 ai;j

�
ei .

De�ne � : Nn0
! Nn to be the function that computesthe Nn -gradeddegreesfrom

the exponent vector of monomial in Spol. This function is a left-inversefor � ;

� (� (b1; : : : ; bn )) = � (
nX

i =1

biX

j =1

ei;j ) =
nX

i =1

 
biX

j =1

1

!

ei =
nX

i =1

bi ei = (b1; : : : ; bn ):

The Nn0
-grading of Spol is a re�nement of the Nn -grading in the sensethat homo-

geneouscomponents of the latter are direct sumsof components in the former. Thus

for b 2 Nn , we can express� i; b (I ) as

� i; b (I ) = � i; b (I pol) =
X

a2 � � 1 (b )

� i; a(I pol):

In turns out that there is only one non-zero Betti number in the above sum,

assumingthat � i; b (I ) 6= 0. This occurs in the square-freedegreea = � (b). The

argument for this requires the knowledge that that non-zeroBetti numbers of I pol

only occur in degreescontained in the lcm-lattice L I p ol and that � � 1(b) \ L I p ol is

either a singleton or empty. Thesestatements will be justi�ed in the next section

(Corollary 4.15) after we introduce the lcm-lattice though they can already be seen

from our discussionof the Taylor complexwhich led to Proposition 3.20.

4.2 lcm-Lattices

In [GPW99], Gasharov, Peeva and Welker prove a Hochster-style formula for the

�nely-graded Betti numbersof a monomial ideal basedon the lcm-lattice of the ideal.
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The lcm-lattice of a monomial ideal is the posetof the least commonmultiples of the

ideal's generators. It will follow easily that if two ideals have two lcm-lattices that

are isomorphicasposets,then they have the same�nely-graded Betti numbersup to

somerelabelling of the degrees.

In addition, polarization de�nes an isomorphismbetweenthe lcm-lattices of I and

I pol.

A setwith relation � is calleda posetwhenthe relation is re
exiv e, antisymmetric

and transitiv e. For our purposes,a lattice is a posetwhereevery pair of elements has

a least upper bound (join) and greatest lower bound (meet), respectively denoted_

and ^ .

Recall that Nn is a lattice where

� (a1; : : : ; an ) � (b1; : : : ; bn ) if ai � bi for all i 2 f 1; : : : ; ng,

� (a1; : : : ; an ) _ (b1; : : : ; bn ) = (max(a1; b1); : : : ; max(an ; bn )), and

� (a1; : : : ; an ) ^ (b1; : : : ; bn ) = (min(a1; b1); : : : ; min(an ; bn )).

De�nition 4.10 ( lcm-Lattice [GPW99, p.522]). Let I � S be a monomial ideal

with minimal generating set G(I ) = f xa1 ; : : : ; xam g. The lcm-lattice of I is the

sublattice of Nn given by

L I = f_ A 2 Nn j A � f a1; : : : ; amgg

where_A = _ a2 A a. Here we let _; = 0 2 Nn and _f ag = a.

Note that this di�ers from [GPW99] only in that we take the lcm-lattice to begen-

erated by the exponents of the monomial generatorsof I rather than the monomials

themselves.

The lcm-lattice, asde�ned above, is clearly closedunder joins of arbitrary collec-

tions of elements. This is the de�nition of a completejoin-semilattice and it is well

known that all complete join-semilattices are lattices; i.e. each pair of elements in

L I hasa greatestlower bound in addition to their least upper bound. Note that the

greatest lower bound may not coincide with the greatest lower bound in Nn . This

occursbelow in Example 4.11which shows an lcm-lattice with

(2; 1; 0) ^ L I (1; 2; 0) = 0 6= (1; 1; 0) = (2; 1; 0) ^ Z3 (1; 2; 0):
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Beforewe give Gasharov, Peeva and Welker's formula for Betti numbers,we must

�rst de�ne two simple operations on posets that we will be applying to the lcm-

lattice. A poset P can be made into a simplicial complex �( P) with facesthat are

totally orderedsubsets(chains) of P. Also, for posetsP we can de�ne open, closed

and half open intervals exactly as one would for totally ordered sets; for example

(a; c)P = f b 2 P j a < b < cg for a; c 2 P (or any posetcontaining P).

Example 4.11. Let I = (x2y; xy2; z) � k[x; y; z], a = (1; 1; 0) and c = (2; 2; 2).

Displayed below are L I , (a; c)L I and �(( a; c)L I ). Note that a and c are not in L I but

are in Z3 which contains L I as a poset.

0

(2; 1; 0) (1; 2; 0) (0; 0; 1)

(2; 2; 0) (2; 1; 1) (1; 2; 1)

(2; 2; 1)

L I :

(2; 1; 0) (1; 2; 0)

(2; 2; 0) (2; 1; 1) (1; 2; 1)

(2; 2; 1)

(a; c)L I :
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� � �

� � �

(2; 1; 0) (1; 2; 0)(2; 2; 0)

(2; 1; 1) (1; 2; 1)(2; 2; 1)

�(( a; c)):

Theorem 4.12 ([GPW99, p.532]). Let I � S be a monomial ideal I with lcm-

lattice L I . Then for all i � 1 and b 2 Nn , we have

� i; b (S=I ) =

8
<

:

dimk
~H i � 2((0; b)L I ; | ) b 2 L I :

0 otherwise.

In the previousexpression,the reducedhomologyof a posetis takento bethe reduced

homologyof the poset'ssimplicial complex; ~H � (P; | ) = ~H � (�( P); | ).

It is an interesting observation, made in [GPW99], that the lcm-lattice used in

Theorem4.12canbe substituted with the completejoin-semilattice generatedby any

(not necessarilyminimal) �nite set of generatorsfor I to yield the sameresult.

Note that if wehavetwo monomialidealsI and J and an orderpreservingbijection

� : L I ! L J then the intervalsof L I are in bijective correspondencewith the intervals

of L J . That is, � restricts to an orderpreservingbijection � : (a; c)L I ! (� (a); � (c))L J

for any a; c 2 L I . Consequently, for b 2 L I ,

� i; b (I ) = dimk
~H i � 1((0; b)L I ; | ) = dimk

~H i � 1((0; � (b))L J ; | ) = � i;� (b )(J );

since �(( 0; b)L I ) is homeomorphicto �(( 0; � (b))L J ). This justi�es the remark (in

the introduction of this section) that ideals with isomorphic lcm-lattices have the

sameBetti numbersup to relabelling by � .

The following corollary is the natural extensionof an observation about total Betti

numbersmadein [GPW99, p.525].

Corollary 4.13. Let I and J be monomial idealsand let � : L I ! L J be an isomor-

phism of lattices. Then for all i � 0 and all degreesb,

� i; b (I ) = � i;� (b )(J )
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and

� i (I ) = � i (J ):

If � preservesthe sum of coordinates (i.e. � (b) � 1 = b � 1) then for all i; j � 0,

� i;j (I ) = � i;j (J ):

Proof. The �rst equation holds from our previous discussionalong with the remark

that these Betti numbers are zero when b =2 L I . The secondequation is the sum

of the �rst equation over all degrees. The third follows similarly using the added

assumption;

� i;j (I ) =
X

b2 Nn

b �1= j

� i; b (I ) =
X

b2 Nn

� (b )�1= j

� i;� (b )(J ) = � i;j (J ):

At this point, we completethe discussionof polarization and observe that Corol-

lary 4.13 applies to I and I pol. That fact that L I and L I p ol are isomorphic lattices,

proved in the next lemma, is a result in [GPW99, p.524].

Lemma 4.14. The polarization function for monomial ideal I , � : [l1] � � � � � [ln ] !

f 0; 1gn0
, restricts to an isomorphismof lattices betweenL I and L I p ol that preserves

the sum of coordinates (i.e. � (a) � 1n0
= a � 1n ).

Proof. By the de�nition of l1; : : : ; ln , we have L I � [l1] � � � � � [ln ] and so it makes

senseto restrict � to L I .

From the de�nition of polarization, � mapsthe atoms of L I to the atoms of L I p ol .
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A �nal observation is that � preservesjoins;

� ((a1; : : : ; an ) _ (b1; : : : ; bn )) = � (max(a1; b1); : : : ; max(an ; bn ))

=
nX

i =1

max( ai ;bi )X

j =1

ei;j

=
nX

i =1

l iX

j =1

� (j � max(ai ; bi ))ei;j

=
nX

i =1

l iX

j =1

max(� (j � ai ); � (j � bi ))ei;j

=

 
nX

i =1

l iX

j =1

� (j � ai )ei;j

!

_

 
nX

i =1

l iX

j =1

� (j � bi )ei;j

!

= � (a1; : : : ; an ) _ � (b1; : : : ; bn );

where � (P) = 1 if P is true and 0 otherwise. SinceL I and L I p ol are generatedfrom

their atoms by joins and � preservesjoins, sendsatoms to atoms and is injective, we

have that � restricts to an isomorphismbetweenthesetwo lattices.

The map � alsopreservesthe sum of coordinates.

� (a1; : : : ; an ) � 1 =

 
nX

i =1

aiX

j =1

ei;j

!

� 1 =
nX

i =1

aiX

j =1

1 =
nX

i =1

ai = (a1; : : : ; an ) � 1:

And so, � jL I doesas well.

Corollary 4.15. Let I be a monomial ideal with polarization I pol where both are

�nely graded. Then for all i � 0 and b 2 L I � Nn ,

� i; b (I ) = � i;� (b )(I pol):

Also, � i; b (I ) = 0 for b =2 L I and � i; a(I pol) = 0 for a =2 � (L I ) = L I p ol .

Proof. We can apply Corollary 4.13 to the restriction of � to L I to directly obtain

the result. This was done by Gasharov, Peeva and Welker ([GPW99]) to show that

the total Betti numbers of I and I pol are the same. However, we can also complete

the argument usedat the end of the previoussection.
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Since� jL I is a bijection and � is a left inverseof � , � j � (L I ) = � jL I p ol
is the inverse

of � jL I . Next,

� i; b (I ) =
X

a2 � � 1 (b )

� i; a(I pol)

=
X

a2 � � 1 (b )\ L I p ol

� i; a(I pol)

as � i; a(I pol) = 0 for a =2 L I p ol . But � � 1(b) \ L I p ol =
�

� jL I p ol

� � 1
(b) = f � (b)g complet-

ing the proof.

Corollary 4.13describeshow an isomorphismof lcm-lattices permutes Betti num-

bers,however somethingmoregeneralis true. If the lcm-lattice of a monomial ideal J

is, in the senseof Theorem4.17,the homomorphicimageof the lcm-lattice of I then

the minimal free resolution of I can be relabeledto give a freeresolution of J . When

the lcm-lattices are isomorphic, then this relabelling givesa minimal free resolution

for J .

To de�ne the relabelling of a resolution, we �rst decomposeits di�eren tial into

sumsof homogeneousmapsof the form S(� a) ! S(� b). This is doneas follows.

Take a gradedcomplexof free S-modules,

F : � � � ! Fi +1
� i +1! Fi

� i! Fi � 1 ! � � �

where Fi =
L

j 2 E i
S(� b i;j )ei;j with b i;j 2 Nn and f ei;j gj 2 E i a basis of Fi . The

di�eren tial map of F is decomposableas

� i =
X

j 2 E i

� i;j with � i;j : S(� b i;j )ei;j ! Fi � 1

where � i;j is the restriction of � i to S(� b i;j )ei;j . However, from the direct sum de-

composition of Fi � 1, � i;j can be further decomposedinto the direct sum of maps,

� i;j =
M

k2 E i � 1

� i;j ;k with � i;j ;k : S(� b i;j )ei;j ! S(� b i � 1;k )ei � 1;k :

Since� i is homogeneous,its restrictions � i;j are homogeneous.Also, if an element

in a direct sum of graded modules is homogeneousthen each of its components in
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the direct sum are homogeneousof the samedegreewhich gives that each � i;j ;k is

homogeneousin virtue of � i;j being homogeneous.

Module homomorphismsfrom a single shifted copy of the ring S(� b i;j )ei;j to

another shifted copy S(� b i � 1;j )ei � 1;j are completely determined by their action on

ei;j . Further, as � i;j ;k is homogeneous,

� i;j ;k (ei;j ) 2 S(� b i � 1;k )b i;j = Sb i;j � b i � 1;k = | xb i;j � b i � 1;k :

De�nition 4.16 (Relab elling of a Graded Free Complex [GPW99 , p.525]).

Let S = | [x] = | [x1; : : : ; xn ] and S0 = | [x0] = | [x1; : : : ; xn0] be polynomial rings.

AssumeF is a gradedcomplexof free S-moduleswith notation as above and let

� : f b i;j j i 2 N; j 2 E i g ! Nn0

be any order preservingfunction. Then the relabelling of F by � is the Nn0
graded

complexF0 described as follows.

Let F 0
i =

L
j 2 E i

S0(� � (b i;j ))ei;j . We know that

� i =
X

j 2 E i

M

k2 E i � 1

� i;j ;k

where� i;j ;k (f ) = (cxb i;j � b i � 1;k )f for somec 2 | .

De�ne � 0
i;j ;k : S0(� � (b i;j )) ! S0(� � (b i � 1;k )) by � 0

i;j ;k (g) = (cx0� (b i;j )� � (b i � 1;k ))g.

Then � 0
i;j ;k is homogeneousas is � 0

i : F 0
i ! F 0

i � 1 which is de�ned as

� 0
i =

X

j 2 E i

M

k2 E i � 1

� 0
i;j ;k :

Sinceeach � 0
i;j ;k is homogeneous,� 0

i is alsohomogeneousand the complex

F0 : � � � ! F 0
i+1

� 0
i +1! F 0

i
� 0

i! F 0
i � 1 ! � � �

is a gradedcomplexof free S0-modules.

Theorem 4.17 ([GPW99, p.526]). Let I and J be two monomial ideals in poly-

nomial rings S and S0 respectively. Also, let � : L I ! L J be a map that is a bijection

betweenatoms of L I (i.e. f b j xb 2 G(I )g) and the atoms of L J and preservesjoins.

If F is the minimal free resolution of S=I and F0 is the relabelling of F by � , then F0

is a gradedfree resolutionsof S0=J. And, if � is an isomorphismof lattices then F0 is

the minimal free resolution of S0=J.
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Conclusion

Therearea number of streamsof ongoingresearch that leadfrom the resultsdescribed

in this thesis.

In chapter two we discussedapplications of the Splitting Theorem to edgeideals

and facet ideals. In Theorem2.30,we classi�ed the completelyedgesplittable ideals

as chordal graphs. There might be an analogoustheorem that classi�es the facet

idealswhoseBetti numberscanbe computedby repeatedly removing splitting facets.

Great e�orts have beenput into de�ning chordal simplicial complexesto generalize

results about the edge ideals of chordal graphs. Theorem 2.30 is another way to

measurethe merits of such a de�nition.

The resultsfor computingBetti numbersfrom splitting verticeswereonly partially

successful.Finding a simpli�cation of Theorem2.34,even for somesmallerclassesof

graphs,would provide edgeidealswith recursively computableBetti numbersbecause

splitting verticesaresoeasyto �nd. For example,it shouldbe possibleto reconstruct

the Betti numbers,dueto Jacques,for the edgeideal of a cycleusinga singlesplitting

vertex decomposition followed by results on splitting facets;after removing a vertex,

each of the remaining idealsmay correspond to simplicial trees.

A �nal question about the Splitting Theorem is whether one could improve it

to generateentire resolutions rather than just their Betti numbers. Speci�cally, if

I = J + K is a splitting monomial ideal I and the minimal resolutionsof J , K and

J \ K are known then how does one construct a minimal resolution of I ? If the

resolutionsof J , K and J \ K can be supported by cell complexes,can oneconstruct

a complexthat will support a resolution of I ?

For the cellular resolutions examined in chapter three, one can always ask for

more constructions of cell complexesthat support minimal free resolutions. Recent

results, described in Chapter 3, have shown that there are indeed monomial ideals

85
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whoseminimal free resolutions cannot be supported by simplicial complexes,cell-

complexes,nor CW-complexes. However, there is still the question of what classes

of monomial ideals have minimal free resolutions that can be supported by each of

thesetypesof complex. There is plenty of work that canbe doneto understandthese

di�erences.

Finally, on the subject of lcm-lattices, onecanaskwhich lattices occur asthe lcm-

lattice of monomial ideals. Further, given a monomial ideal, can we transform it into

a unique representativ e for set of idealswith equivalent lcm-lattices? To do sowould

simplify the problem of computing Betti numbers to the set of representativ es,much

like polarization can be usedto represent monomial ideals as square-freemonomial

idealswith equivalent Betti numbers.

It seemsclear that the study of monomial resolutions provides many deep and

interesting questionsthat relate the diverse�elds in mathematics.
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