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Abstract

The minimal graded free resolution of a monomial ideal is an invariant that gives
algebraic and geometricinsight into the ideal's structure. In this thesis, we study
three approadesfor computing resolutionsand their Betti numbers.
Stanley-Reisnertheory and facet ideal theory apply Hochster's formula and Eli-
ahou, Kervaire and Fatabbi's splitting theoremto produce formul and boundson
Betti numbers of certain graphsand simplicial complexes.Bayer and Sturmfels use
toplogical structuresto support celluar complexegshat becomeresolutionsunder sim-
ple conditions. Peew, Gasharw and Welker de ned the Icm-lattice of a monomial
ideal. The Icm-lattice captures features of a monomial ideal that are essetial to

producing its resolution.
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Chapter 1

Intro duction

The objects of commutativ e algebraare often studied by decompsingor relating them
to well understood structures. The theory of free resolutionstakesthis approad by
expressinga module M over a commnutativ e ring R asa sequencef free modulesand
maps betweenthem;

F: ! Fn! Fm 1! ' Fil Fp! MO

Ead free module in the free resolution F has a rank which not only determinesits
structure but also provides insight into the structure of M. In particular, the rank
of the rst free module Fo provides a bound on the number of elemerts neededto
generateM . Due to the complexity of modules,there can be relationshipsamongthe
generatorsof M, relations between these relations, relations between the relations
of relations, and so on in stages. The ranks of eat free module after Fy quartify
the number of equationsneededto expressof all the relations at ead stage of this
process.

If M is a vector space(i.e. whenR is a eld) then Fo can be chosensothat its
rank is exactly the sizeof a basisfor M and, sincethere are no relations betweenthe
elemerts of a basis,all of the other free modules have rank zero. The structure of a
vector spaceis completely captured by its dimensionand hencethe dimensionis an
invariant of the vector space.

When R isnot a eld, it is not always the casethat a freeresolutionis an invariant
of the module. For a givenmodule, there canbe many resolutionswith freemodulesof
varying ranks. Theseranks neednot be nite nor uniquely determinedeven if we are
ableto nd a minimal list of equationsto produce the setsof relations. Therefore,
we must imposestrict conditions on our ring if want the resolution provide useful
numerical invariants. If R is Noetherian and M is nitely generatedthen we can
construct freeresolutionsthat are minimal in somesense.Additionally, if R is a local

1
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ring, then there is only one minimal free resolution and it can provide us with the
invariants we seek.

Free resolutions of modules over local rings have beenwell studied and are dis-
cussedn detail in a number of textb ooks ([Eis95], [Eis0F, [BH98]). The ranks of the
free modules of minimal free resolution are called the Betti numbers of M and de-
noted (M) = rk F;. Betti numbersare ne invariants that cortain valuablealgebraic
information and can be quite di cult to compute.

Often we want to examine modules with scalarsthat are not from a local ring.
For example,algebraicgeometersoften study homogeneousdeals| in a polynomial
ring

becausethey correspnd to varieties in projective space. The polynomial ring S is
not a local ring, but it admits a grading| are nement of the ring into a direct sum
of componerts | and has a unique \graded maximal" ideal. This was the start of
an analogy betweenlocal rings and gradedrings, formalized by Bruns and Herzog,
which shows that resolutionsover \graded local” rings enjoy the sameproperties as
resolutionsover local rings.

The purposeof this thesisis to o er a surwvey of various methods of construct-
ing free resolutions of monomial ideals over polynomial rings. Thus, the theory of
resolutionsover gradedlocal rings is one of our primary interests.

The study of the freeresolutionsfor monomial idealshasa number of aims. First,
we hope to provide someconstructionsof freeresolutionsfor large classe®f monomial
ideals. The goalis to produceresolutionsthat are minimal or closeto minimal sothat
we candeduceinformation about Betti numbers. Whenwe cannot nd the resolutions
for a class of monomial ideals, we are still interested in looking for explicit and
recursive formulas for their Betti numbers or simply somenumerical bounds. Along
the way, these results provide information about related invariants like regularity
and projective dimension. Also, through computing resolutions for certain classes
of ideals, we nd commonalities between the ideals that provide insight into their
structure and into the meaningof their resolutions.
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The rst chapter of this thesis presens the main results about minimal free res-
olutions in both the local and graded local settings. As our focusis on monomial
idealsin the polynomial ring, special attention is given to the two gradingsof S and
to resultsthat are speci c to resolutionsover S. The mostimportant of theseresults
is the Hilbert Syzygy Theorem (Theorem 1.26) which boundsthe length of minimal
free resolutionsover the polynomial ring.

Eadh remaining chapter is dewted to a technique for computing Betti numbers
or computing resolutions. The secondchapter looks at square-freemonomial ideals
and the vast amourt of combinatorial information they cortain. We follow the work
of Jacques([Jac04) and Tai Ha and Van Tuyl ([HT05]) which compute Betti num-
bersfor variousidealsusing formulas derived by Hochster ([Hoc77) and Eliahou and
Kervaire ([JEK90]). The third chapter follows work by Bayer and Sturmfels ([BS98)
which introduceda generalmethod for building resolutionsfrom cell complexes.Res-
olutions built in this way are called cellular resolutions. Bayer and Sturmfels go on
to construct cellular resolutions from a polyhedral cell complex. When conbined
with work with Pee\a ([BPS98]), they obtain minimal free resolutionsfor the class
of genericideals. The fourth and nal chapter of this thesis examinesthe work of
Gasharw, Peewa and Welker ((GPW99]) who studied the Icm-lattice of a monomial
ideal. It turns out that the essetial featuresof a resolution are determined by the
Icm-lattice. A consequencef this work is that any monomial ideal can be trans-
formed into a square-freemonomial ideal in a way the presenesthe Betti nhumbers
up to arelabelling.

Throughout this thesis,wewill useR to denotean arbitrary comnutativ ering with

1.1 Resolutions

The structure of a module is completely determined by the dependenciesof its gen-
erators. More formally, for any R-module M and choice of generatorsfor M we can
construct a free module F and epimorphismd : F ! M by the universal property of
freemodules. The kernelof this map cortains the relations betweenthe generatorsof
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M and theserelations determineM by the First IsomorphismTheoremfor Modules;
M = F=kerd. We call kerd the rst madule of syzygiesfor our choice of generators.

The module kerd canalsobe understood through its generatorsand their relations,
and sowe iterate this processto construct a module of relations amongthe relations
and soon. The morphismsand free modules derived from this processare encaled
in what is called a free resolution Below we brie y discussfree modules and exact
sequencedgeforeformally de ning free resolutions.

A hasis for an R-module M is a family of elemens fe g,; from M that generates
M, but alsofor which any m 2 M hasa uniquerepresemation asm = j'":l rje; with
r; 2 R. A moduleis calledfree if it hasa basisand consequetly every free module is
isomorphicto the direct sum of copiesof the ring. All basesof a free module over a
commutativ e ring have the samecardinality, called the rank of the free module. Free

modulesalsoenjoy a universal property:

Prop osition 1.1 ([DF04 , p.354]). Let F be a free R-module with basisfeg,, .
Givenany R-module M andsetmapf :1 ! M there existsa unique homomorphism
g:F! M with g(e) = f (i).

A pair of R-module homomorphisms L N VIEERN , aresaidto be exact (or exact
at M) if imf = kerg. Any sequenceof composablehomomorphismsis saidto be an
exactseguene if each composablepair is exact. A short exactsequene is one of the
formO! L! M! N! O0.InthiscaseL! M isamonomorphismandM ! N is
an epimorphismby exactnessat L and N respectively. Further, N = coker(L! M)
andL = ker(M ! N).

1.1.1 Minimal Free Resolutions

De nition 1.2 (Free Resolution, Dieren tial). Given an R-module M, a free

resolution of M is an exact sequence
F:o ! Fn ™ Fy ! I S Vo)

whereead F; is a freeR-module. The sequencef mapsin F are calledits di er ential
and the m-th syzygymadule of F is de ned to beimd,, form 1.
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Though there are many free resolutionsfor a given module, the proof of the fol-
lowing theoremabout the existenceof resolutions,suggestsa method for constructing
a canonicalresolution that we will call the minimal free resolution of M.

Prop osition 1.3. Any R-module M hasa free resolution.

Proof. This follows from the iterativ e processdescrited previously In the interest of
being thorough, we descrike the maps more carefully below.

Given a module K, we can nd a set of generatorsfk;g», for K. Construct a
freemodule F with basisfeg;, andletd: F ! K bethe homomorphismuniquely
determinedby d(e) = k;. As the generatorsof K arein the image of d, we seethat
d is an epimorphism.

Apply this generalschemeto M to construct Fo and dp : Fo ! M. Next, we
apply it to kerdy to make a map from F; onto kerdy. This map, composedwith the
inclusionkerd, Fo,wecalld; :F;! Fq. Continuing this processwe geta sequence
of homomorphisms,

I Fo 0™ Fry 1! I /R R MO

whereead d;, surjectsonto kerd,, ;; the sequences exactand hencea freeresolution
of M. O

At ead stage of the previous construction we would like to be able to choosea
minimal generatingset for kerd; to force the ranks of the free modulesto be unique.
Soon we will de ne minimal freeresolutionsand theseresolutionswill have the prop-
erty that they sendthe basisof eat free module to a minimal generatingset for the
previouskernel.

There are two problemsthat must be resohed beforewe can de ne minimal free
resolutions. First, we must ensurethat ead kernel has a minimal generating set.
This is done by requiring that M be nitely generatedand that R be a Noetherian
ring. Second for ead freemodule to have a uniquely determinedrank, every minimal
generatingset for a xed kernel must have the samesize. We require that R be a
local ring to addressthis issue. We de ne Noetherian and local rings below and will
discusswhy they solve our two problems.
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De nition 1.4 (No etherian Mo dule, Noetherian Ring). An R-module M is
said to be Noetherian if every submadule if M is nitely generatedasan R-module.
A Noetherianring R is aring that is a Noetherian module whenviewed asa module
over itself; namely, all idealsof R are nitely generated.

Theorem 1.5 ([Eis95, p.28]). Let R be a Noetherian ring. If M is a nitely
generatedR-module then M is Noetherian.

Thusif F is a free R-module of nite rank and R is a Noetherian ring then F is
nitely generatedand thereforeNoetherian. That meansthat any submadule of F is
nitely generated.

Thus free resolutions of a nitely generatedmodule M over a Noetherian ring
can be madewith free modulesof nite rank. The argumen goesasfollows: Fq has
nite rank if we map its basisonto the nite generatingset of M. If we assume,
as an inductive hypothesis,that F; ; has nite rank then kerd; ; F; 1 is nitely
generatedas F; ; is Noetherian. Thus F; can be constructedwith nite rank if we
map its basisonto a nite generatingset of kerd; ;. The result follows by induction.

If a module hasa nite setof generatorsthen this set of generatorscan always be
reducedto a minimal generatingset simply by throwing out unnecessaryelemers.
Therefore, if M is nitely generatedand R is Noetherian then we can construct a
resolution of M in which ead free module maps onto a minimal generatingset for
the precedingkernel.

Howewer, as previously mertioned, not all minimal generating setsof a nitely
generatedmodule over a Noetherianring have the samesize. This motivatesthe next
de nition.

De nition 1.6 (Lo cal Ring). A ring R is said to be local if it cortains a unique
maximal ideal. Local rings are often denotedby (R; m) wherem is the unique maximal
ideal of R.

Finitely generatedmodulesover local rings act very much like vector spacesmak-
ing them very easyto study. This ideais captured in Nakayama's Lemma which is
ubiquitous in comnutativ e algebraand known for its many forms.
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Lemma 1.7 (Nak ayama's Lemma). Let (R;m;|) bealocalring with residue eld

If somesubsetofthe my;:::; my generatedM , then their imageswould spanM =mM
corntradicting that my;:::; My wasa basis. Thus, my;:::;my is a minimal generating
setof M.

In the other direction, if mq;:::; m, areaminimal generatingsetfor M then their

imagesspanM=mM . If their imagesdo not form a basisfor M=mM then a subset
of them does. Again by Eiserbud's version of Nakayama's Lemma, this implies that

a basisfor M=mM . ]

Sincethe minimal generatingsetsof nitely generatedmodules over local rings
are in a correspndencewith the basesof a xed vector space,we know that eat
minimal generatingset hasthe samesize.

Thus if R is both Noetherian and local and M is nitely generatedand when a
free resolution of M is chosenso that the basis of ead free module mapson to a
minimal generatingset for the precedingkernel, then we know that ead free module
has a uniquely determinedrank.

De nition 1.8 (Minimal Resolution). Let (R;m) be a local ring with maximal
ideal m. A freeresolution

di

F: ' RO R0 L R Rl M1 O

of R-module M is saidto be a minimal free resolutionif for eadi > 0, the di erential
of Fsatisesimd;, mF; ;.
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The notion of a minimal resolution comesfrom the more generalde nition of a
minimal complexwhich canbe found in [Eis95 p.476]. We have only de ned minimal
resolutionsfor modulesover local rings and, like many de nitions involving local rings,
there is an analogousde nition for minimal resolutionsof modulesover gradedrings.
Gradedrings and minimal gradedresolutionsare the primary concernof this thesis
and will described in the next section.

Theorem 1.9. A freeresolution F of a nitely generatedmodule over a Noetherian
local ring is minimal if and only if for eadh i 0, the di erential d; of F senda basis

of F; to a minimal generatingset for im d;.

Proof. This argumert follows [Eis95 p:477).
Let (R;m) beourringandletd: F ! M be a surjective homomorphismfrom
the freemodule F to a nitely generatedR-module M. The short exact sequence

d

0! kerd! FI" M! O

can be tensoredwith R=m to obtain the exact sequence
(kerd)=m(kerd) ! F=mF !“ M=mM ! 0

astensoringis a right exact functor ([DF04, p.399]).

However, kerd mF () ~=0 () F=mF and M=mM are isomorphic.
And by Nakayama's Lemmaif thesetwo vector spacesare isomorphicthen any min-
imal generatingset of F is sert to a minimal generatingset of M. Corversely if a
particular minimal generatingsetof F is sert to a minimal generatingsetof M, then
F=mF and M=mM are isomorphic.

This result canbe appliedto ead di erential map d;; if F is minimal then kerd;, =
imd; 1 mF;fori 0andconsequetly the basisof F;, beinga minimal generating
set, mapsto a minimal generatingset for imd;. In the other direction, if the basis
for F; is sert to a minimal generatingset for imd; then we know imd; ; = kerd
mF;. O

In other words, in a minimal resolution, the di erential di;; sendsa basisof F;.;
to a minimal generatingset of kerd, when i 0 and dy sendsa basisfor Fy to a
minimal generatingsetof M.
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Finally, minimal free resolutionsare unique up to isomorphismsof the complex.
In fact, all resolutionsof nitely generatedmodulesover local rings can expresseds
the direct sum of an exact sequencef free modulesand the minimal resolution.

Theorem 1.10 (Uniqueness of Minimal Resolutions [Eis95, p.495]). Let (R;m)
be alocal ring and let M be a nitely generatedR-module. If F and F°are free reso-
lutions of M whereF is minimal, then F°= F G whereG is an acyclic chain complex
of free modules.

That is,
F: 1 F, G MM%F,, Gua! ! Fi G %F G %®M! 0
where
F:o0 FofPE, 0 A N VI
G: | G, "G, ! I G, PG Po

and H;(G) = kerg=img+; = Ofori O.

Corollary 1.11 ([Eis95, p.495]). Let (R;m) bealocalring andlet M be a nitely
generatedR-module. The minimal freeresolutionF of M is unique up to isomorphism
of chain complexes.

1.1.2 Graded Mo dules

Graded modules are modules that have been stratied into the direct sum of a
collection of subgroupsand which satisfy a mixing property. The polynomial ring

tures and are our primary concern. Polynomial rings have many di erent gradings,
some ner than others,which correspndto di erent notions of a polynomial's degree.

De nition 1.12 (Graded Ring and Graded Mo dule). Let (G;+) be a com-
mutative monoid. A G-gradel ring is a ring R with a direct sum decompsition
R= - «2c Rg (as an abelian group) that satis es RgRn ~ Rg.n for all g;h 2 G.

A G-graded module M is a module over a G-gradedring R with a similar direct
sum decompsition; M = - s2c Mg as an abelian group. This decompsition must
satisfy RgMp ~ Mg, for all g;h 2 G.
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Further, any elemen from My is calledhomagen®us of deggree d and My is called
the degree d component of M.

Example 1.13 (Standard Grading of a Polynomial Ring). Given the polyno-

scalarsmultiplied by a monomial of degreed; that is,
Su = spanfxi'x3® xja 2 N;><1 a = dg:
i=1 P
Sinceany polynomial f 2 S can be written uniquely asa nite sumf = = T f4
wherefy 2 Sq, we have that S = L Q2N Sd-

One can obsene that S3Sye  Sy+ g0 and hencethis is an N-grading of S. For
this reason,polynomialsin Sy are called homogeneoupolynomials of degreed. This
grading is called the standad grading of S becauset capturesour regular notion of
degreefor homogeneougpolynomials.

More generally an N-gradedring R is called standad graded if it is generatedby
its degreeone elemens as an Ry-algebra. Also, modulesthat are N-gradedare often

said to be positively graded.

Example 1.14 (Fine Grading of a Polynomial Ring). We can construct a re-
nement of the standard grading of S by setting

Slasaziian) = FCXI'X52 X" jc2|g

and we can uniquely expressa monomialasx® = x§'x3?  x2 fora= (a;;:::;an) 2
N". Under this new notation, S, = | x? for a2 N".

Just as before, any polynomial has a unique represemation as a | -linear combi-
nation of monomialsand hence

M M
S= S, = | x2:
az2Nn a2Nn
Note | x2| xP | X3P, This N"-grading is called the ne grading of S and is a
re nement of the standard grading in the sensethat, for all d 2 N,
M
Sy = Sa
a2N"
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wherel a is simply the sum of the coordinates of a.

Example 1.15 (Homogeneous Ideal). An ideal | in a gradedring R is called a
homayen@us ideal if it is a graded submadule of R. That is, | is a graded module
with 14 = Rg\ I.

Homogeneousdealsare exactly thoseidealsthat have a generatingset consisting
ertirely of homogeneoulemens. For examplem = (Xy;:::;X,) S is a homoge-
neousideal under both the standard and ne gradingsof the polynomial ring S.

De nition 1.16 (Graded Mo dule Homomorphism). If N and M are G-graded
modulesthen a module homomorphism :M ! N is saidto be graded (or homae-
neous) if (Myq) Ngforeah g2 G.

A simple fact is that the kernel of any graded homomorphism : M ! N isa
gradedmodule where (ker )g = Mg\ ker .
We often want to considermapsbetweengradedmodulesthat have the property
(Mg)  Ng.p for some xed h 2 G. Rather than discussmodule homomorphisms
of di erent degreeswe instead shift the degreesof the domainto make a graded
map.

De nition  1.17 (Twist of a Mo dule). Let G be an abelian group and let M be
a G-graded module. For h 2 G, we de ne the M (h) to be the G-graded module
isomorphicto M exceptwith M (h)g = Mg.h. It is saidthat M (h) is M twisted (or
shifted) by h. This is a grading as RgM (h)go = RgMp+ge  Mpsgi go = M (h)gs go.

Clearly if : M ! N is a homomorphismbetween graded modules satisfying
(Mg)  Ng:n then we cantwist the domainby hto make graded; (M( h)g) =
(Mg n) Nq.

1.1.3 Graded Resolutions

De nition 1.18 (Graded Free Resolution). Givena freeresolutionF of a graded
module M, we say F is a gradedfree resolution of M if ead free module of F can be
given somegrading that makesthe di erential of F homogeneous.
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If R is a G-gradedring then any free module F = - R can be graded by as-
signing a weight to ead of its generators. For example,if we twist eatch summand
of F by degree d 2 G to obtain F°= - R( d) then this is a graded module
with homogeneougomponerts F; = ; R( dj)g. In particular, the canonicalbasis
elemerts ¢ ead have degreed,.

Further, if we have a homomorphism :F ! M from a free module to a graded

module M that sendsthe generatorsof F to homogeneouglemerts of M, then

M
R( deg (e)e! M

is a gradedhomomorphism.

In Proposition 1.3, we proved that every module has a free resolution. In fact,
ewvery gradedmodule hasa gradedfreeresolution. This canbe seenin that the kernels
of the di erential mapsare all gradedmodulesand consequetly eat kernelcortains
a homogeneousset of generators. Thus using the homogeneougeneratorsof eah
kernel, the free modules can be gradedby appropriately weighting their bases.

Most importantly, there is a gradedanalogueto Theorem 1.9 about minimal free
resolutions. But rst, we needto de ne minimal gradedfree resolutions.

De nition 1.19 (*Maximal Ideals and *Lo cal Rings). Givenagradedring R, a
homogeneousdeal | is called*maximal if it is maximal with respect to cortainment
amongall homogeneousdeals. The gradedring R is calleda *local ring if it cortains
a unique *maximal ideal m. We will often use(R; m) to denotea *local ring with its
*maximal ideal.

neousand maximal ideal. Consequetly, it is *maximal and sinceevery homogeneous
elemen in Snmis invertible we know that any proper homogeneougdeal is contained
in m and hence(R; m) is *local.

The notions of *maximal ideals and *local rings come from Bruns and Herzog's
textb ook on Cohen-Macaulg rings ([BH98]).

De nition 1.20 (Minimal Graded Free Resolution). Let (R;m) bea*localring
and let F be a graded free resolution F of the graded R-module M. Then F is said
to be a minimal resolution if its di erential satisesimd, mF; ; fori > 0.
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Theorem 1.21. A graded free resolution F of a nitely generatedgraded module
over a Noetherian *local ring (R;m) is minimal if and only if for eatchi O, the
di erential d; of F senda basisof F; to a minimal homogeneougenerating set for
im di .

Proof. This proof follows the discussionin [BH98, p.36].

Letd:F ! M be surjective graded map from free module F = - R( a)e to
R-module M that sendsthe basisof F to a minimal homogeneougeneratingset of
M. We want to show that kerd mF.

Take a homogeneouglemen u 2 kerdnmF; thusu = P i rie and P rid(e)=10
for somehomogeneous; 2 R. Sinceu 2 mF we know that there is someiy with
ri, 2 mand consequetly r;, is invertible. Howewer, we can now write

X
d(e,) = .t rid(e)
i6ip
contradicting that the basisof F mapped onto a minimal generatingsetof M. Thus
kerd mF.

We apply this result to the di erential of F. If the dierential of F sendsthe
generatorsof F; to a minimal generatingsetof im d; thenimd;;; = kerdi mF; and
henceF is a minimal gradedfree resolution.

In the other direction, assumethat d : F ! M is a surjective graded homo-
morphism with kerd mF. Localizing at m givesdy, : Fn ! My, which again is
surjective as localization is exact. Similarly, ker(d,) = (kerd).,, (MF)n = My Fp.
Thuswe arein the situation of Theorem 1.9 and sothe basisof F,, mapsonto a min-
imal generatingsetof M,,. Howeer, any generatingsetof M is sent by the canonical
injection to a generatingset of M, and sincethe basisof F is sernt to a generating
setof M,

rk(F) = rk(Fm) = (Mm)  rk(F)

where (M) is the minimal number of generatorsof M, and rk is the rank of a free
module. We concludethat all minimal generatingsetsof a nitely generatedmodule
over a *local ring always have (M) elemeints and that d sendsthe basisof F to a
minimal generatingsetof M asthe rank of F is (My,).
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Again, this result can be applied to ead of the di erential mapsto obtain the

desiredresult. O

The analogy betweenresolutionsover local and *local rings extendsto Corollary
1.11aswell.

Theorem 1.22 ([BH98 , p.36]). Let M be a nitely generatedgraded module over
a *local ring (R; m). Then the minimal graded free resolution of M is unique up to

a gradedisomorphismsof the chain complex.

In the particular caseof nitely generated modules over the polynomial ring,
Theorem 1.10 holds as well.

Theorem 1.23 ([EisO5, p.6]). Let M bea nitely generatedmodule over the poly-

F is minimal, then there is a gradedisomorphismF°= F G whereG is a graded
acyclic chain complexof free modules.

1.1.4 Betti Num bers

Rather than study a resolution in its entirety, we are often only interestedin the
ranks of its free modules. More speci cally, we wish to expresstheseranks as nite
invariants of the module itself and hencewe needto ask three questions. For what
resolutions are the ranks of its free modules uniquely determined, when are these
ranks nite and when doesthe resolution have only a nite list of free modules?

In the particular caseof nitely generatedmodulesover local rings, the uniqueness
of the minimal resolution is enoughto determine theseranks. Howewer, we assume
that our ring is Noetherian and that the module is nitely generatedso that eah

rank is nite.

De nition 1.24 (Betti Num bers). Let M be a nitely generatedmodule M over

a Noetherian local ring (R; m) with residue eld | = R=m and let
F: | F! I Fi! Fo! M! 0
be a minimal freeresolution of M. Then we de ne the i-th Betti number of M to be

i((M) = rkFi = dim (Fi r|):
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Howewer to de ne the Betti numbers of gradedmodulesover *local rings we need
the additional constrairt that the *maximal ideal is actually maximal.

De nition 1.25 (Graded Betti Num bers). Let M be an Z"-gradedmodule over
a Noetherian *local ring (R; m) wherem is a maximal ideal of R in the usual sense.
If we a have a minimal gradedfree resolution,

F: 1 F I Fi! Fo! M1 0

of M with F; = - 270 R( @) "2 then the ., are uniquely determinedby M and
calledthe nely graded (or multi-graded graded) Betti numbers of M. They are often
written as ,(M).

Similarly, if M is Z-graded, we can take a minimal graded free resolution with
free modulesF; = - i2zR( J) % . Using the sameassumptionsabout R as above,
thesenumbersare uniquely determinedby M. We call ;; the graded Betti numbers
of M and often write them as ; (M). .

If M isZ" graded,then there isanaFt)uraI Z-gradingof M whereM; = :?Zaznj M.
Under this grading we have i; (Mlg = i’zainj ia(M).

Wenow obsernethat (M) = ,,, ij (M) andconsequetly we sometimesrefer
to (M) asi-th total Betti numker of M to distinguish it from the graded Betti

numbers.

As in the local case,the Betti numbers can be computed as the dimension of
a vector space; i, = dim;(Fi r|)a Where| = R=m. Sincethis vector spaceis
determinedonly by the isomorphismclassof F;, which in turn is determineduniquely
by the minimal resolution, we seethat the Betti numbers are determined solely by
the module itself. The fact that m is maximal, and not simply *maximal, is usedto
justify that | isa eld.

The nal result of this section answers our third question about when minimal

resolutionsterminate.

Theorem 1.26 (Hilb ert Syzygy Theorem). Let S = |[x1;:::;X,] be the poly-
nomial ring in n variablesover a eld |. If M is a nitely generatedmulti-graded
S-module with minimal free resolution

F: ! R I Fy! Fo! M! 0O
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then F; = Ofor alli > n.
Proof. See[Eis05 p.20]. [

We canconcludethat a nitely generatedmodule over a polynomial ring hasonly

a nite list of Betti numbers.

De nition  1.27 (Linear Resolution and Linear Strand). If M is a Z-graded
S-module that is nitely generatedin degreed then the linear strand of M is the
sequencef Betti numbers( ii+q)i o-

We say M hasa linear resolutionif ;;(M) = Oforj 6 i + d. In other words, M
hasa linear resolution if all of its non-zeroBetti numbersoccur in the linear strand.

1.2 Monomial Ideals

Monomial idealsare studied primarily becausehey provide the most simpleexamples
in any generalalgebraictheory. Due to the complexity of computing resolutions,the

class of monomial ideals has been divided into a number of subclassesfor which

di erent resolutionshave beenconstructed. Eadh of subclasshasdistinctiv e algebraic
and combinatorial properties, but in this sectionwe collect a few basic results that

hold for all monomial ideals.

De nition 1.28 (Monomial Ideal). Anideall S =|[x1;:::;X,]issaidto bea
monomialideal if it is generatedoy monomials. By monomialsof S we meanelemens

of the form x2 = x§*x5?  x& wherea; 2 N.

Sincehomogeneougdealsin a gradedring are the idealsthat can be generatedby
homogeneou®lemerns, we seethat monomial ideals are preciselythe homogeneous
idealsof S under the N"-grading.

Given a polynomial in a monomial ideal I, ead of its terms must also be in the
ideal. Soclearly, | is determinedby the monomialsit cortains. Givenany monomial
m=x$ x3 21| wecan nd a minimal monomialin I, with respect to division,
that divides m. To do this, divide m by a maximal sequenceof (not necessarily
distinct) variablesx;,;Xi,;:::; X, with m=(x;, x;) 2 | for1 ] k. A minimal

monomial dividing m is then m=(x;,  Xi,).
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We let G(I) be the set of minimal monomialsin | with respect to division.
From what was just obsened, G(I ) forms a monomial generatingset for I which by
de nition is unique and is clearly minimal as a generatingset.

Further, as S is Noetherian, every ideal I in S has a nite generatingset. A
consequencefthis isthat any generatingsetfor | cortains a nite minimal generating
setfor I. SinceG(l) is a minimal generatingset for a monomial ideal |, no proper
subsetof G(1) generated and hencethe entire set G(1) must be nite.

The intersections of monomial ideals are also easyto understand. Again, if a
polynomial is in | \ J, the intersection of two monomial ideals, then ead term of
the polynomial occursin both I and J and hencein their intersection. Thus| \ J
is generatedby the monomialsin | \ J and hence,is a monomial ideal. Given a
monomialm 2 I \ J, there must bemg 2 G(I) and m; 2 G(J) with mgjm and m;jm
and thereforelcm(mg; my)jm. Sinceclearly lcm(mg; m;) 2 1 \ J, we seethat

1\ J = (Icm(mg;m1) jme 2 G(1);my1 2 G(J));

though theseneednot be the minimal generatorsof | \ J.



Chapter 2

Square-Free Monomial Resolutions

A square-freemonomialideal | | [Xq;:::;Xy] is anideal generatedby monomialsof
the form x2 wherea 2 f0; 19". This chapteris dewtedto the computation of the Betti
numbers of square-freemonomial ideals through two methods: Hochster's formula
which is basedon the homology of complexesand the Splitting Theorem, due to
Eliahou and Kervaire, which is chie y conbinatorial. Both of thesetechniquesexploit
correspndences| respectively, the Stanley-Reisnerand facet correspndences)
betweensquare-freemonomial ideals and simplicial complexes.

Throughout this chapter, the variable S is usedto denote the polynomial ring

simplicial complexes.

The rst sectionof this chapter introducesthe generalterminology of graphsand
simplicial complexedollowed by a discussionof the aforemenioned correspndences.
The many variations of Hochster's formula are presened in the secondsectionwhile
the third studiesthe application of both Hochster'sformula and the Splitting Theorem
to graphsand simplicial complexes. This follows the work of Jacques([Jac04) and
Tai Ha and Van Tuyl ([HTO5]).

The third section also cortains original work related to the Splitting Theorem
and Betti number bounds. This includesa classi cation of edgeideals whoseBetti
numbers can be computed recursively using edge splittings (Theorem 2.30) and a
simpli cation of the Splitting Theoremfor single monomial splits (Proposition 2.37).
The new Betti number bound generalizesJacques'sresult that the Betti numbers
of the edgeideal of a graph bound the Betti numbers of the edgeideal of any in-
ducedsubgraph. Theorem2.48shaws that this holds for the facetidealsof simplicial
complexesby usingthe de nition of induced facet subcomplex.

18
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2.1 Combinatorics

In this sectionthe basic de nitions and terminology of graphs and simplicial com-
plexesareintroduced. This is followed by a discussiornof the correspndencesetween
thesecombinatorial objects and square-freemonomial ideals.

2.1.1 Graphs

Graphs are the most commoncombinatorial objects that we will use. By a graph G,
we meana pair (V; E) whereV = V(G) is the set of verticesin G andE = E(G)
fe V]jg = 2gisthe setof edgesn G. By this de nition, we restrict oursehesto
simple graphs| graphswithout loops or multi-edges. For verticesv;w 2 V we sa
v is adjacent to w and write v. g w whenewerfv;wg2 E. Also,fore= fv;wg2 E
we often write e= vw 2 E.

Our graphsG = (V; E) will be accompaniedby the standard terminology:

Vi gVi+p fori2fl;:::;n 1gandv, g V.

A graph is connectedif it cortains a walk between any two of the graph's
vertices.

Forests are acyclic graphs| i.e. graphs cortaining no cyclesand trees are
connectedacyclic graphs.

The neighlours of a vertex v 2 V are those verticesadjacen to v. The set of
neighbours of v is denotedN (v) = fw2 Vjw ¢ vg.

The degree of v 2 V is degv = N (V).
A leaf is a vertex of degreeone.

The graph G is bipartite if V = V[ V, for disjoint setsV;;V, and all edgesin
G are of the form v;v, wherev,; 2 V; and v, 2 V,.



20

The complete graph on n vertices, denoted K ,, is the graph with V(K)
fvyiivngand E(Ky) = fvivp j1 i<j  ng.

The complete bipartite graph Knm = (Vi [ Vo, E), is the graph with V; =
fvi;iinsvng Vo= fwg;ii;wpgandE = fviw j1 0 n;l j  mg

.....

i 6 j and all edgesof the form vw wherev2 Vi, w2V, andi 6 j.

The complementof G, denotedG°, is the graph on V containing all edgesthat
arenot in E.

A sulgraph of G is any graph H = (W;F) with WV, F  E. Implicitly,
by saying that H is a graph, it is required that for every uv 2 F we have both
u2Wandv2W.

The induced sulgraph of G on vertex setW  V is the subgraphGy = (W;F)
with F = fuv 2 E ju;v 2 Wg. In other words, Gy is subgraphof G on vertex
set W with the largest possibleedgeset.

For a subsetW V of vertices,we write GnW for the subgraphof G induced
on verticesV nW. This is often referredto asthe graph obtained from G by
deleting the verticesin W.

Edgescan also be deletel from G in the following way. For e 2 E, we usethe
notation G ne for the subgraphH = (V;E nfeg).

one(and are not 1 and n).

A cycleis calleda minimal cycleif it cortains four or more verticesand hasno
chords.

A chordal graph is a graph with no minimal cycles. Equivalertly, a chordal
graphis a graph in which every cycle of length greaterthan three hasa chord.
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2.1.2 Simplicial Complexes

De nition 2.1 (Simplicial Complex). A simplicial complex ona nite setV,
called the verticesof , is a collection of subsetsof V wherefor each F 2  and
E F,wehaveE 2 .

Eadh elemen of is called a face and the maximal faces,with respect to set
inclusion, are calledfacets For a givensimplicial complex , weuseF () to denote
its set of facets.

If  cortains only onefacetF andjFj= n+ 1then is calledan n-simplex

It is clear that a simplicial complexis completely determined by its facets; =

De nition 2.2 (Dimension of Faces and Simplicial Complexes). Givena sim-
plicial complex , afaceF 2 is said to have dimensiondimF = jFj 1. The
dimensionof a non-empty simplicial complex isdim = maxfdimF jF 2 ¢
andisundenedif = ;.

Notice that hi=; andh;i = f;g aretwo di erent simplicial complexesthe latter
of which has dimension 1. Any simplicial complex with at least one non-empty
face has a dimensionthat matchesthe topological dimension of its realization as a
topologicalspace.A simplicial complexis called pure if all of its facetshave the same
dimension.

De nition 2.3 (Leaf, Simplicial Forest [Far04, p.128]). Let be a simplicial
complex. A facetF 2 F() iscalleda leaf if either F is the only facetin  or there
is someother facetG 2 F () nfFg with

F\F G\F

for all facetsF°2 F() nfFg.
The simplicial complex is called a forest if for all non-empty sets of facets
A F() the facetsubcomplexhF jF 2 Ai hasa leaf.
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Simplicial forestsand leavesgeneralizetheir graph-theoretic courterparts.

Example 2.4. Let Dbe the following simplicial complex.

The facetF, isaleafof asF3;\ F; cortains F;\ F, and F,\ F4. By symmetry,
F, and F, arealsoleavesof . The facetsubcomplexof cortaining only F;;F;, and
F4, depicted below, hasno leaf and hence is not a forest. It can be easily cheked
that all other facet subcomplexesof do have leaves.

2.1.3 Facet and Stanley-Reisner Corresp ondences

De nition 2.5 (Facet Corresp ondence [Far02]). Given a polynomial ring S =
| [X1;::05%n], let V= fxyg;:::;%X,9. For a square-freemonomial ideal | S and
m2 G(1), let F, = fx 2 V j x divides mg and de ne the facet complexof | to be

F(1)=HFnjm2 Q)i
Given a simplicial complex over vertex setV, we let the facet ideal of be
!

Y
le() = XjF2F()
x2F

which is an ideal of S.

Sincethe monomialsin G(1) are incomparablewith respect to division, we have
that F( (1)) = fF, jm2 G(1)g and consequetly, I ( (1)) = I. Similarly, using
the incomparability of facets, (Ir()) = . Thus,the setof square-freemonomial
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idealsof S and the setof simplicial complexeson V arein a bijective correspndence,
called the facet correspndene, givenby ¢ and its inverselg.

A special caseof the facetcorrespndences the edgeideal correspndencebetween
graphs and square-freemonomial ideals that are generatedby quadratics. A graph
G with vertex setV canbe seenasthe simplicial complex ( G) = hfx;ygjx g YVi.
Note that isolated vertices of G are not facesof ( G) while all other vertices are
faces.Under this notation, I (( G)) = (xyjXx cYy) S iscalledthe edgeideal of
G and will be denotedl (G) (with the subscript F omitted). Edgeidealscamefrom
Villarreal's work on Reesrings and Cohen-Macaulg graphs ([Vil95]).

There is a secondcorrespndencebetween square-freemonomial ideals and sim-
plicial complexescalled the Stanley-Reisnercorrespndence.

De nition 2.6 (Stanley-Reisner Corresp ondence [Sta75] [Rei76]). Given a

polynomialring S = | [Xy;:::;Xn], letV = fXxq;:::;X,09. The Stanley-Reisnercomplex
of a square-freemonomiall S is de ned as
Y
n()=fF V] XxzZlg
xX2F

and is sometimescalled the non-face complexof | . Given a simplicial complex on
V, the Stanley-Reisnerideal of s

Y
In() = xjF V,F 2

X2F
Theane ring |[] = S=Iy() is calledthe Stanley-Reisnerring of .
It is easyto seethat N (In()) = andIy( n(1)) = 1. We call the bijective
correspndencebetweensquare-freemonomial idealsand simplicial complexesgiven
by n andly, the Stanley-Reisner correspndene.

We will not nd it useful to considerthe non-faceideals of graphs and hence
our previous notation, | (G) for the edgeideal of G, is unambiguous. When the
Stanley-Reisnercomplexesof edgeideals (quadratic square-freemonomial ideals) are
discussedthe notation will be made explicit.

Unlike the Stanley-Reisnering of a simplicial complex,the ring S=I() hasnot
yet beengiven a consisteh namein the literature.
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Example 2.7. The ideal | = (xyz;yw) in | [X;Yy;z;w] has facet complex (l) =
hfx;y; zg;fy;wgi and Stanley-Reisnercomplex (1) = hfx;z;wg;fx;yg;fy;zgi.
This exampleis from [Far04].

I = (xyz;yw)

F(1): n (1)

2.2 Hochster's Formula

In [Hoc77], Hochster givesan expository accoun of the developmeris in G. A. Reis-
ner's doctoral thesisthat connectCohen-Macaulg Stanley-Reisnerrings to the ho-
mology of their simplicial complexes. Hochster then proceedsto derive a formula
for the ne (N"-graded)Betti numbersof square-freemonomial idealsthat is alsoin
terms of the homology of complexes.His discussionis most thorough.

Jacqueggivesa very conciseaccourt ([Jac04) of Hochster's formula and oneof its
variations that expresseshe N-gradedBetti numbersof a square-freenonomialideal
in terms of the homologyof its “links'. This secondformula was rst explicitly given
by Eagonand Reinerin [ER98], though they explain that it was already known by
other authors in various forms. The proof of this formula usesa relationship between
the reducedhomologyof a complexandits AlexanderDual; Hi(; |)= Hn i 3( ;|)
wheren is the number of verticesin the simplicial complex . This is proved as a
lemmain [BH98, p.241]and other sourcesreferencedby Eagonand Reiner. It may
alsobe worthwhile to note that Hochster's formula is often given, equivalertly, asan
expressionfor the nely gradedHilbert seriesof Tor>(| ;| []), otherwiseknown as
the Betti polynomial.

In this section we give both the ne and the N-graded versionsof Hochster's
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formula. Beforethis, there is a quick review of reducedsimplicial homologyand the
introduction of Alexander Duals and links, both of which will be needed.

2.2.1 Homology , Duals, Links

Recallthat a simplicial complex cortains all subsetsof afaceF 2 including the
empty set. Thus, either a simplicial complex cortains no face, = ;, or it contains
the empty setasa face. This plays a role in the following de nition in that ; is the
unique face of any non-empty simplicial complexwith dimension 1.

De nition 2.8 (Orien ted Simplicial Chain Complex). Given a simplicial com-
plex with dimensiond on vertex setV = fxy;:::;Xng, its simplicial chain complex
is

C() :0! Cq!'"Cq ! I Co!°C ! O

whereC; = L r2 ZF isthe freeZ-module on the i-facesof and  extendsthe
following; e

Xl-l

j=1
assumingthat i; < i, < < ix+1. The maps  arereferredto athe dierential of
the chain complex.

Note that = 0 allows the following de nition.

De nition 2.9 (Reduced Simplicial Homology). The reduced simplicial homol-
ogy of  with valuesin eld | is the family of | -modules

ker(i id))

Hi(; [)=Hi(C() z|):m,

fori= 21,0;1;:::;dim .

Next we introduce a number of combinatorial transformations on simplicial com-
plexes.

De nition  2.10 (Restriction, Alexander Dual and Complemen t of a Sim-
plicial Complex). Let bea simplicial complexon vertex setV.
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The restriction of to W V is the subcomplex

w=FfF2 JF Wg:

b= fxijh=1g

to be the restriction of to b.
The Alexanderdual of is the complex

=fF VjVnF2 g

Finally, if the facetsof areF;:::;Fy thenthe complementof isthe simplicial
complex ¢ with facetsgivenby V nFy;:::;V nFy.

Obsernethat ( ) = and( ©°=  merelyfrom their de nitions. As Faridi
explains in [Far04], given a square-freemonomial ideal |, the dual of its Stanley
Reisnercomplexis the complemen of its facetcomplex; (1) = g(I)C.

Example 2.11. We can complete the diagram from Example 2.7 with ¢(1)¢ =
n (1) = hfz;xg; fwgi:
I = (xyz;yw)

X y X y

PN

z W
(D= ~n(1) 3/
X

y
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De nition 2.12 (Link and Star). Let be a simplicial complexon vertex setV
andlet W be a subsetof V. The star of W with respectto is the simplicial complex

st ( W)=fF2 JjF[W2 g
and the link of W in is
k W)=fF2 JjF[W2 andF\ W= 9:
We will omit the subscriptswhenthe choice of simplicial complexis clear.
The restriction st(W)ynw is an equivalert expressionfor Ik(W).

Example 2.13. Considerthe complex with facetsf u;v;x; yg, fx; y;tgandfx; s;tg.

u

y t

Then st (fx;yg) is the subcomplexof  with facetsfu;v;x;yg and fx;y;tg, and
Ik (fx;yg) is the subcomplexwith facetsfu;vg andftg.
u

st (fx;yg): Vv

~—*

/

<

lk (fx;yg):
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Finally, we collecttwo lemmasthat relate theseobjects and will be usedto prove
a form of Hochster's formula.

Lemma 2.14. Given a simplicial complex on vertex setV, then for W V and
F=VnW,

k (F)=( w):
Note that the Alexander Dual of  is takenin the ambient vertex set W and not
inV.

Proof.

G2lk (F) () G\F=; and G[ F2
() G W and Vn(G[ F)2
() G W and (VnG)\ W 2
() G W and WnGzZ
() G2( w): O

Lemma 2.15. Let | bea eld and a simplicial complexon n vertices. Then for
all i,

Hi(; [)=Hn3i( ;]):

Proof. See[BH98, p.241]. ]

2.2.2 Formulas for Graded Betti Num bers

Theorem 2.16 (Ho chster's Formula [Hoc77, p.194] [JacO4, p.11] [BH98,
p.241]). Let|[] bethe Stanley-Reisnering of the simplicial complex on vertices

8
<dim; Hpp; i 1( b;]) b2f0;1g"
(D) = . P

0 otherwise.

Consequetly, the N-gradedBetti numbersare

X .

i (L[] = dim H; i 1( w;sl)
W v
Wi=j
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and the total Betti numbersare

X
i(1[]) = dim; Hjw; i 1( w;]):
YARY,

Theorem 2.17 ([ER98, p.267][Jac04, p.13]). Let |[] be the Stanley-Reisner
ring of the simplicial complex on n vertices. The N-gradedBetti numbersof | []

are
X

(0D = dim; Hi o(lk  (F);[);
.

and the total Betti numbersare

X
(1L = dim Hi 2(k  (F);]):

F2

Proof. Notethat if W 2 then y isasimplexand hencehaszeroreducedhomol-
ogy. Therefore, we can reduce Hochster's formula for the N-graded Betti numbers
to X
i (1 []) = dim H;j i 1( w;]):
W Viwz jwijsj
Now, ewery W V with W 2 is in bijective correspndencewith facesF =
VnW 2 . Further jWj=j ifandonlyif jFj= n j. By the previoustwo lemmas,
we have
Hy o 1( wil)=Hi 20 w)il)=Hi 20k (F) )

and hencethe result follows by substitution. [

2.3 Betti Num bers of Facet and Edge ldeals

In this section we begin by giving Betti numbers for certain classesof square-free
monomial ideals| namely the edgeideals of complete graphs, cyclesand forests.
Thesewere deweloped by Jacques([Jac04) and his primary tool was Hochster's for-

mula. Later we introduce the Splitting Theorem by Eliahou, Kervaire and Fatabbi

which was applied by Tai Ha and Van Tuyl to produce Betti numbers for certain

classeof edgeand facetideals.
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2.3.1 Betti Num bers of Common Graphs

Theorem 2.18 ([Jac04, p.35]). If K, is a complete graph on n vertices, then
the Betti numbers of its edgeideal are independert of the eld | and given by

w2 (1(Kp)) = (+1) i-::]2 and o= Oforj 6i+ 2.
Proof. Let V = fXy;:::;Xng be the vertex setof . The Stanley-Reisnercomplex
of I(Kn)is = n(1(Kp)) = hfx,g;fx20;:::;fXx,0i asthe ideal | (K,,) cortains all

square-freemonomialsof degreetwo and higher. The reducedsimplicial homology of

restricted to the vertex setW is

8
SjWj 1 i=0

Hi( wil) =,
"0 otherwise.
Thus, by Hochster's formula,
X
i (L[] = By i1 wil):
W Vv
iwij=j

Howewer, if | 6 i + 1 then all of the termsin the sumare zero. If | = i + 1 then the
sum becomes

X
i (LD = Ho( w;l)
WV
JWi=i+1
X

W Vv
Wij=i+1

n .
i+1

Since i (1 (Kn)) = i (| Xy xal=1(Kn)) = 41 (J[])  we get the desired
result. O

Jacquesalso computesthe Betti numbersfor multipartite completegraphsusing
the fact that (I (Kn,::n,)) is the disjoint union of simpliciesof sizen;; n,; n3 and

soon. The following is the result for the special caseof completebipartite graphs.
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Theorem 2.19 ([Jac04, p.37]). The Betti numbersof the completebipartite graph
Kn.m areindependen of the eld and given by the formula

X n m

iiv2 (1 (Knm)) = i

s+t=i+2
st 1

and i (1 (Kym)) = Owhenj 6 i+ 2.

Complete multipartite graphs,like completeand completebipartite graphs, have
linear resolutions ([Jac04 p.39]). As Jacquespoints out, these calculations of Betti
numbers are only possiblebecause\the simplicial complexesasseiated with these
graphshave. . .reducedhomologywhich is easyto understandand calculate" ([Jac04
p.41]).

The Betti numbers for edgeideals of cyclesand forests were also computed by
Jacques([Jac04 p.75, p.107]) by homologicalmeans. The formula for cyclesis given
below while the formula for forestsis discussedn the next sectionwherewe introduce
an alternative to Hochster's formula, utilized by Tai Ha and Van Tuyl ([HTO05]), to
compute Betti numbers of edgeand facet ideals.

Theorem 2.20 ([Jac04, p.75]). Let C, be a cycle with n vertices. The Betti

B : n o n 2(G 1)
i (Cn) = n 24 i) 2 |j i ;
when? j  min(n 1;2i). If j = n then
8
EZ n 0 mod3i=2
|n(Cn):§1 n 1 mod3;i= 23t
1 n 2 mod3i=2ntl

Finally, i (C,) = Owhenj doesnot fall into either caseabove. Note that ;; (C,,) =
B] (SZI (Cn)) = 0o (I (Cn))-

Jacques'sproof of Theorem2.20relieson classifyingand erumerating the induced
subgraphsof a cycle and relating them to the links of the cycle's Alexander dual.
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Theseinduced subgraphsturn out to be runs of varying lengths| graphsthat are
disjoint unions of paths. Oncethe links of the Alexander dual are understood, one
can usethe secondform of Hochster's formula to compute the Betti numbers.

Though the results of the following section simplify Jacques'swork on forests,
they are not directly applicableto computing the Betti numbers of cycles.

2.3.2 Splitting Theorem

A monomialideal | hasa unique setof minimal monomial generators.If we partition
this set into two piecesand considerthe idealsJ and K, ead generatedby the
monomialsfrom a half of the partition, we can ask how the Betti numbersof J and
K relate to thoseof | . Eliahou and Kervaire ([JEK90]) shonved that whenJ and K
are a \splitting” of I then (1) = ;(J)+ {(K)+ ; 1(J\ K). Fatabbi ([Fat01])
extendedthis to the gradedBetti numbers.

De nition 2.21 (Splittable Ideal [EK90, p.17]). A monomialideall is saidto
be splittable if | = J + K for somenon-zeromonomial idealsJ and K, sud that

1. The minimal monomial generatorsof | are the disjoint union of the generators
of J and K.

2. There is a splitting function :G(J\ K)! G(J) G(K) satisfying,

(@) Forallw2 G(J\ K), w=lem( (w); (w)).
(b) For ewery non-empty subsetS G(J\ K), both lcm( (S)) andlcm( (S))
strictly divide Ilcm(S).
Theorem 2.22 (Splitting Theorem [EK90, p.18], [FatO1]). If | is a splittable
monomial ideal with splitting | = J + K then for all i;j O,
()= @)+ 5 (K)Y+ 33V K):
Here q; = Oforallj.

This theoremsuggestghat the Betti numbersof a splittable monomialideal might
be computedrecursiwly if J, K and J\ K are alsosplittable and smallerthan | in
somerespect.
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It is a reasonablequestionto ask which edgeideals and facet ideals are splitting
ideals. In [HTO5], Tai Ha and Van Tuyl completely characterizethe edgeidealswhich

of an edgeideal | (G) correspndsto an edgein the graph G, the following de nition
is natural.

De nition  2.23 (Splitting Edge [HTO05 , p.8]). An edgee 2 E(G) is a splitting
edgeif 1 (G) = (e) + I (G ne) is a splitting of | .

Theorem 2.24 (JHTOS5 , p.9]). An edgeuv 2 E(G) is a splitting edgeif and only if
u dominatesv (i.e. N(v) N (u)[ fug) or vdominatesu.

When we have a splitting edge,we can expandthe splitting theoremto give Betti
numberssolelyin terms of the Betti numbers of subgraphs.

Theorem 2.25 ([HTO5 , p.11]). Let G be a graph with splitting edgee = uv and
let H bethe subgraphGn(N(u)[ N(v)). If m=N(u)[ N(v)] 2thenforalli 1
andallj O,

d(1©@)= ya@ney+ Ty 2 ()
1=0

where 1o(I(H)) = 1and 4(I1(H))=0ifj 6 0.
Note that if i = 0, then the above formula simpli es to

0j (1(G)) = o (1(Gne)) + 1 2(1(H)):

m
0
Since oj(1(Gne)) = JE(G)] land 1 »(I1(H)) = 1both whenj = 2, and are
zerootherwise,

8
_SIE@) j=2
0 — .
"0 otherwise
aswe expect. Thusthe theoremholdsfor alli 0.

The following de nition and subsequet results (Proposition 2.27, Lemma 2.29
and Theorem 2.30) are original work that explorethe utilit y of splitting edges.
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De nition 2.26 (Completely Edge Splittable). A graph G is called completely
edgesplittable if JE(G)j 1 or if G corntains a splitting edgee = uv whereG ne and
Gn(N(u)[ N(v)) areboth completely edgesplittable.

When a graphis completelyedgesplittable we canrecursiwely apply Theorem2.25
to compute the graph's Betti numbers. In the next proposition, we apply Theorem
2.25t0 obtain an explicit formula for the Betti numbersof a certain classcompletely
edgesplittable graphswhich contains the completegraphs. One can ched that this
generalizeslacques'sormula (Theorem 2.18) for the Betti numberscompletegraphs.

Prop osition 2.27. Let K", forO m n, bethe the completegraph on n vertices

n

the next example). Then K" is completely edgesplittable and fori 0,
8

n n 1
i+2+m i

S(@i+1)

G (KT = h=ine

0 otherwise.

Here we assume f‘) = 0forb< Oandb> a.

Proof. We want to show that K" is completely edgesplittable by induction. So, rst
we enumerate thesegraphsas,

Gy = K

G,= K7, Gs=Kj;

Gy= K3 Gs=Kj Ge=KJ

Gr=K$; Gg=Kj3 Ge=K3 Gio=Kjg;
Gu1 = KS; G2 = Ki; Gz = Kf;

Notice that G; = K is a single vertex which by our de nition is completely edge
splittable. Sincethis graph has no edges,all of its Betti numbers are zero which

agreeswith the given formula;
0 1
iy o)) = (i -0 : .
i2(1(Kg) = (i+1) it +0 i 0, fori O
For our inductive hypothesis, we assumethat Gyo is completely edge splittable
and it hasthe Betti numbers given above for all k°< k. Let G, be the graph which

we now want to show is completely edgesplittable.
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If we let Gy = K| then our inductive hypothesisstates that both K" is com-
pletely edgesplittable and hasthe correct Betti numbersfor 0 my < m (i.e. all
graphsin row n andto the left of Gy = K" in the list above) and K is completely
edgesplittable and has the correct Betti numbersfor 0 m; n; < n (i.e. all
graphsabove the row cortaining Gy).

There are two casesto the induction; m = 0 (i.e. Gy is at the left end of a row)
and m > 0.

If m = 0 then K" is a complete graph on n vertices along with an extra iso-
lated vertex. Sinceisolated vertices do not a ect the property of being completely
edgesplittable, K™ is completely edgesplittable asK, = K[ i is completely edge
splittable, by our hypothesis. In this case,

H (I (Kr?)) = i (I (Kr? 11))

. n 1 n 2
=(i+1) 40 +(n 1) i
_ i+ 1t (n [(n 2)!
@@+ 2n i 3 in i 2)
B i+Dn i 2)+(i+2)(i+1)
= 1 (+2in i 2
_ . n
= DD Zim 1 2

. n
=0+,

giving the desiredresult.

If m > O then uv, 2 E(K[") is a splitting edgeas N (u) fvy;iii;vag =
N (Vm) [ fvmg (that is, v, dominatesu). Notice that K™ nuv, = KM ! which
is completelyedgesplittable asisK ' n(N (u)[ N(vm)) | the graphwith no vertices.
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Thus by De nition 2.26,K[" is completely edgesplittable and by Theorem 2.25,

m m 1 Xi n 1
i (LKD) = 4 (K )+ | i 115 2 1((0))
8 1=0
S Kp HE Nt j=i2
i (K1) otherwise

S@i+1) L +(m 1" t+ o j=i+2

0 otherwise

which simplies to the desiredresult. The result hold for all valuesof n and m
(0 m n) by induction. m

Example 2.28.

Vg4 V3

Obsene that this classof graphsincludesthe completegraphs; K, = K 1 and
since i (1 (KD D) = i (1(KQ) we recover Theorem2.18due to Jacques.

The ertire classof completely edgesplittable graphsis characterizedin Theorem
2.30which requiresthe following lemma.

Lemma 2.29. If e = uv is a splitting edgeof graph G then e does not lie on a
minimal cycle.

Proof. Assumethat e = uv isasplitting edgethat lieson a minimal cycleC. Without
lossof generality, assumethat u dominatesv. As elieson C then thereis a neighbour
x of v along the cycle C other than u. Sinceu dominatesv, x 2 N (u) and hencexu
is a chord of C, cortradicting that C is a minimal cycle. O
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Theorem 2.30. A graph is completely edgesplittable if and only if it is a chordal
graph.

Proof. The proof starts by showing that chordal graphsare completelyedgesplittable.

Any graph with fewer than two edgesis both chordal and completely edgesplit-
table. Assumethat any chordal graph with lessthan k edgesis completely edge
splittable. Given a chordal graph G with k 2 edges.there always existsv 2 V(G)
where the subgraphinduced on N(v) [ fvg is a complete graph on more than one
vertex ([VilO1, p.196]). Take sud avertexv 2 V(G) andany u 2 N (v). By Theorem
2.24,the edgee = uv is a splitting edgeasu dominatesv.

If we considerthe two subgraphsGn(N (v)[ N(u)) and Gne, the rst is chordal
becausedeletion of verticesin a chordal graph yields a chordal graph. The second
subgraph,G ne is also chordal as follows.

Any cycle C of length greaterthan threein Gneis alsoa cyclein G. As G is
chordal, C is not a minimal cycleof G. If C is a minimal cyclein G ne then e must
be a chord of C. Howewer, for our particular choiceof e = uv, we notice that v must
lie on C. The two neighbours of v along C are connectedasN (v) [ fvg is complete
evenin G ne. Thusthe edgebetweenthesetwo neighbours of v givesa chord of C,
and hencethere are no minimal cyclesin G ne. In other words, G ne is chordal.

Sincethesetwo subgraphsof G are both chordal and cortain strictly fewer than k
edges.they are both completely edgesplittable. By de nition, G is completely edge
splittable aswell.

In the oppositedirection, we assumethat G is not chordal and shaw that it cannot
be completely edgesplittable. SinceG is not chordal, it cortains a minimal cycle C.
We know from the previouslemmathat any splitting edgecannotlie on C. If there
are no splitting edgesin G, then G is not completely edgesplittable asit cortains
more than oneedge. Should G have a splitting edgethen G ne still cortains C which
remainsminimal. Thusiterating the processof splitting edgeremoval will never reat
a basecasein the de nition of completely edgesplittable; G is not completely edge
splittable. O

Jacquesderive